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C/^ ■ Abstract 



We investigate the random dynamics of rational maps and the dynamics of semigroups of 
(-H , rational maps on the Riemann sphere <C. We show that regarding random complex dynamics 

of polynomials, generically, the chaos of the averaged system disappears at any point in C, 
due to the automatic cooperation of the generators. We investigate the iteration and spectral 
properties of transition operators acting on the space of (Holder) continuous functions on 
C. We also investigate the stability and bifurcation of random complex dynamics. We show 
that the set of stable systems is open and dense in the space of random dynamical systems 

■ of polynomials. Moreover, we prove that for a stable system, there exist only finitely many 

■ minimal sets, each minimal set is attracting, and the orbit of a Holder continuous function 
, on C under the transition operator tends exponentially fast to the finite-dimensional space 

^\ • U of finite linear combinations of unitary eigenvectors of the transition operator. Combining 

CO ' this with the perturbation theory for linear operators, we obtain that for a stable system 

QQ . constructed by a finite family of rational maps, the projection to the space U depends real- 

■ analytically on the probability parameters. By taking a partial derivative of the function of 
_ probability of tending to a minimal set with respect to a probability parameter, we introduce 

a complex analogue of the Takagi function, which is a new concept. 

^ ■ 1 Introduction 

b ■ 

5^ , In this paper, we investigate the independent and identically-distributed (i.i.d.) random dynamics 

of rational maps on the Riemann sphere C and the dynamics of rational semigroups (i.e., semigroups 
of non-constant rational maps where the semigroup operation is functional composition) on C. 

One motivation for research in complex dynamical systems is to describe some mathematical 
models on ethology. For example, the behavior of the population of a certain species can be 
described by the dynamical system associated with iteration of a polynomial f{z) — az{l — z) 
(cf. [S]). However, when there is a change in the natural environment, some species have several 
strategies to survive in nature. From this point of view, it is very natural and important not only 
to consider the dynamics of iteration, where the same survival strategy (i.e., function) is repeatedly 
applied, but also to consider random dynamics, where a new strategy might be applied at each 
time step. Another motivation for research in complex dynamics is Newton's method to find a root 
of a complex polynomial, which often is expressed as the dynamics of a rational map g on C with 
deg(g) > 2, where deg{g) denotes the degree of g. We sometimes use computers to analyze such 
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dynamics, and since we have some errors at each step of the calculation in the computers, it is 
quite natural to investigate the random dynamics of rational maps. In various fields, we have many 
mathematical models which are described by the dynamical systems associated with polynomial 
or rational maps. For each model, it is natural and important to consider a randomized model, 
since we always have some kind of noise or random terms in nature. The first study of random 
complex dynamics was given by J. E. Fornaess and N. Sibony ([10]). They mainly investigated 
random dynamics generated by small perturbations of a single rational map. For research on 
random complex dynamics of quadratic polynomials, see [11 [Sj |6l [71 |8j [11] . For research on random 
dynamics of polynomials (of general degrees), see the author's works [27 l [28 l [30 l [29 ] . 

In order to investigate random complex dynamics, it is very natural to study the dynamics of 
associated rational semigroups. In fact, it is a very powerful tool to investigate random complex 
dynamics, since random complex dynamics and the dynamics of rational semigroups are related 
to each other very deeply. The first study of dynamics of rational semigroups was conducted 
by A. Hinkkanen and G. J. Martin ([H]), who were interested in the role of the dynamics of 
polynomial semigroups (i.e., semigroups of non-constant polynomial maps) while studying various 
one-complex-dimensional moduli spaces for discrete groups, and by F. Ren's group ([12J), who stud- 
ied such semigroups from the perspective of random dynamical systems. Since the Julia set J(G) 
of a finitely generated rational semigroup G — {hi, . . . , hm) has "backward self-similarity," i.e., 
J(G) = Uj=i h~^{J{G)) (see [Ml Lemma 0.2]), the study of the dynamics of rational semigroups 
can be regarded as the study of "backward iterated function systems," and also as a generalization 
of the study of self-similar sets in fractal geometry. For recent work on the dynamics of rational 
semigroups, see the author's papers [23]-[3T], and [2T[ [22l [32[ [33] . 

In this paper, by combining several results from j29| and many new ideas, we investigate 
the random complex dynamics and the dynamics of rational semigroups. In the usual iteration 
dynamics of a single rational map g with dcg{g) > 2, we always have a non-empty chaotic part, i.e., 
in the Julia set J{g) of g, which is a perfect set, we have sensitive initial values and dense orbits. 
Moreover, for any ball B with Br\J{g) ^ 0, g^{B) expands as n — >■ oo. Regarding random complex 
dynamics, it is natural to ask the following question. Do we have a kind of "chaos" in the averaged 
system? Or do we have no chaos? How do many kinds of maps in the system interact? What can 
we say about stability and bifurcation? Since the chaotic phenomena hold even for a single rational 
map, one may expect that in random dynamics of rational maps, most systems would exhibit a 
great amount of chaos. However, it turns out that this is not true. One of the main purposes 
of this paper is to prove that for a generic system of random complex dynamics of polynomials, 
many kinds of maps in the system "automatically" cooperate so that they make the chaos of the 
averaged system disappear at any point in the phase space, even though the dynamics of each 
map in the system have a chaotic part. We call this phenomenon the "cooperation principle". 
Moreover, we prove that for a generic system, we have a kind of stability (see Theorems 11.71 [X^5)) . 
We remark that the chaos disappears in the C° "sense", but under certain conditions, the chaos 
remains in the "sense", where denotes the space of /3-H61der continuous functions with 
exponent (5 e (0, 1) (see Remark ll.lip . 

To introduce the main idea of this paper, we let G be a rational semigroup and denote by F{G) 
the Fatou set of G, which is defined to be the maximal open subset of C where G is equicontinuous 
with respect to the spherical distance on C. We call J(G) := C \ F{G) the Julia set of G. The 
Julia set is backward invariant under each element h € G, but might not be forward invariant. 
This is a difficulty of the theory of rational semigroups. Nevertheless, we utilize this as follows. 
The key to investigating random complex dynamics is to consider the following kernel Julia set 
of G, which is defined by Jkcr(G) = Plgec "^^^^ largest forward invariant subset 

of J(G) under the action of G. Note that if G is a group or if G is a commutative semigroup, then 
Jker(G) = J(G). However, for a general rational semigroup G generated by a family of rational 
maps h with deg(/i) > 2, it may happen that = JkGi(G) ^ J[G). 

Let Rat be the space of all non-constant rational maps on the Riemann sphere C, endowed with 
the distance k which is defined by k(/, 5) '■— s\ip^^^d{f{z), g{z)), where d denotes the spherical 
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distance on C. Let Rat+ be the space of all rational maps g with deg(f;) > 2. Let V be the space 
of all polynomial maps g with deg{g) > 2. Let r be a Borel probability measure on Rat with 
compact support. We consider the i.i.d. random dynamics on C such that at every step we choose 
a map h G Rat according to t. Thus this determines a time-discrete Markov process with time- 
homogeneous transition probabilities on the phase space C such that for each x G C and each Borel 
measurable subset A of C, the transition probability p{x,A) of the Markov process is defined as 
p{x,A) = r({(7 G Rat | g{x) e A}). Let Gr be the rational semigroup generated by the support 
of r. Let C(C) be the space of all complex-valued continuous functions on C endowed with the 
supremum norm || • ||oo- Let Mr be the operator on C(C) defined by Mr{'f){z) — J ip{g{z))dT{g). 
This Mt is called the transition operator of the Markov process induced by r. For a metric space 
X, let DJli{X) be the space of all Borel probability measures on X endowed with the topology 
induced by weak convergence (thus /i„ — >■ /i in DJli{X) if and only if J ipdp^ -> J ipdp for each 
bounded continuous function ip : X ^ R). Note that if X is a compact metric space, then D}li{X) 
is compact and metrizable. For each r G dJli{X), we denote by suppr the topological support of 
r. Let dJli^dX) be the space of all Borel probability measures r on X such that suppr is compact. 
Let M; : OTi(C) OTi(C) be the dual of M^. This M* can be regarded as the "averaged 
map" on the extension 97li (C) of C (see Remark I2.14|) . We define the "Julia set" Jmeas {t) of the 
dynamics of M* as the set of all elements p G 97li(C) satisfying that for each neighborhood B 
of ^, {(Af*)"|s : B — > 97li(C)}„gN is not equicontinuous on B (see Definition 12. lip . For each 
sequence 7 = (71, 72, • • •) G (Rat)'*, we denote by the set of non-equicontinuity of the sequence 
{7„ o • • • o 7i}„gN with respect to the spherical distance on C. This J-y is called the Julia set of 
7. Let f := iSijtiT e 2Hi((Rat)'^). For a r G S!Jli,c(Rat), we denote by Ur the space of all finite 
linear combinations of unitary eigenvectors of Mj- : C(C) — > C(C), where an eigenvector is said 
to be unitary if the absolute value of the corresponding eigenvalue is equal to one. Moreover, 
we set Bq,t ■— {(f G C((C) | M^{(p) as n — )> 00}. For a metric space X, we denote by 
Cpt{X) the space of all non-empty compact subsets of X endowed with the HausdorfF metric. 
For a rational semigroup G, we say that a non-empty compact subset L of C is a minimal set 
for (G, C) if L is minimal in {C G Cpt(C) | Vg G G,g{C) C C} with respect to inclusion. 
Moreover, we set Min(G, C) := {L G Cpt(C) | i is a minimal set for (G, C)}. For a r G 9Ki(Rat), 
let Sr ■= ULeMin(GT C) ^- & T G 9Jli(Rat), let Tr := suppT(c Rat). In |29], the following two 
theorems were obtained. 

Theorem 1.1 (Cooperation Principle I, see Theorem 3.14 in ^\). Let r G 93ti,c(Rat). Suppose 
that J-kciiGr) = 0. Then Jmeas{T) — 0. Moreover, for f-a.e. 7 G (Rat)^, the 2 -dimensional 
Lebesgue measure of is equal to zero. 

Theorem 1.2 (Cooperation Principle IL Disappearance of Chaos, see Theorem 3.15 in [29]). 
Let T G S[Jli^c(Rat). Suppose that Jkcr(GT-) = and J{Gt) ^ 0. Then the following (1)(2)(3) hold. 

(1) There exists a direct sum decomposition G(C) = C/r ® Bq^t- Moreover, dime i/r < 00 and 
Bo,r is a closed subspace o/G(C). Furthermore, each element of Ur is locally constant on 
F{Gt). Therefore each element of Ur is a continuous function on C which varies only on 
the Julia set J{Gt). 

(2) For each z G C, there exists a Borel subset Az of (Rat)^ with f{Az) — 1 with the following 
properties (a) and (b). (a) For each 7 — (71, 72, . . .) G Az, there exists a number S = 5{z^ 7) > 
such that diam{'-f„ ' • ' 7i(-B(z, (5))) — > as n — 00, where diam denotes the diameter with 
respect to the spherical distance on C, and B{z, 5) denotes the ball with center z and radius 
6. (b) For each 7 = (71,72, . . .) G Az, d{'jn ■ ■ ■Ji{z),St) as n — > 00. 

(3) We have 1 < ttMin(G^,C) < 00. 

Remark 1.3. If r G OTi(Rat) and n Rat+ ^ 0, then p{Gr) = 00. 
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Theorems 11.11 and 11.21 mean that if all the maps in the support of t cooperate, the chaos of the 
averaged system disappears, even though the dynamics of each map of the system has a chaotic 
part. Moreover, Theorems 11.11 and ll. 21 describe new phenomena which can hold in random complex 
dynamics but cannot hold in the usual iteration dynamics of a single h G Rat-|_. For example, for 
any h € Rat-|-, if we take a point z G J{h), where J{h) denotes the Juha set of the semigroup 
generated by h, then the Dirac measure at z belongs to Jmeas{Sh), and for any ball B with 
B n J{h) ^ 0, h"^{B) expands as n — )■ cx). Moreover, for any h G Rat+, we have infinitely many 
minimal sets (periodic cycles) of h. 

Considering these results, we have the following natural question: "When is the kernel Julia 
set empty?" In order to give several answers to this question, we say that a family {gx}\eA of 
rational (resp. polynomial) maps is a holomorphic family of rational (resp. polynomial) maps if A 
is a finite dimensional complex manifold and the map {z, X) i— s- g\{z) G C is holomorphic on C x A. 
In [29], the following result was proved. 

Theorem 1.4 (Cooperation Principle III, see Theorem 1.7 in [2^). Let t G 97ti,c('P). Suppose that 
for each z G C, there exists a holomorphic family {gx}\<£A of polynomial maps with {Jx^^igx} C F,- 
such that A H> g\{z) is non-constant on A. Then JkeriGr) — 0, J{Gt) and all statements in 
Theorems ] 1.1\ and \1.2\ hold. 

In this paper, regarding the previous question, we prove the following very strong results. To 
state the results, we say that a r G S[ti_c(Rat) is mean stable if there exist non-empty open 
subsets U,V of F{Gr) and a number n G N such that all of the following (I)(II)(III) hold: (I) 
V CU 'atlATJ C F{Gr). (II) For each 7 = (71, 72, . . .) G F^, 7„ ■ • • 71 (U) C V. (Ill) For each point 
z G C, there exists an element g G Gr such that g{z) G U. We remark that if r G 9Jli.c(Rat) is mean 
stable, then Jkor(Gr) — 0. Thus if r G 93ti^c(Rat) is mean stable and J{Gr) ^ 0, then Jkcr(Gr) = 
and all statements in Theorems ll.ll and ll.2l hold. Note also that it is not so difficult to see that r is 
mean stable if and only if tj(Min(GT-, C)) < 00 and each L G Min(G'T,C) is "attracting", i.e., there 
exists an open subset Wl of F{Gr) with L C Wl and an e > such that for each z G Wl and for 
each 7 — (71,72, . ■ .) G F^, d(7„ • • ■ji{z),L) and diam(7„ • • • 7i(i?(z, e))) ^> as n — 00 (see 
Remark 13. 6p . Therefore, if t G 9Jti,c(Rat+) is mean stable, then (1) Jmeas{T) — 0, (2) for f-a.e. 
7 G (Rat+)'^, the 2-dimensional Lebesgue measure of is zero, (3) for each z G C there exists a 
Borel subset Cz of (Rat+)^ with f{Cz) — 1 such that for each 7 G Cz, c?(7„ ■ • ■7i(z),5r) — > as 
n cx), (4) St is a finite union of "attracting minimal sets", and (5) for the system generated by 
T, there exists a stability (Theorem ll.7|) . Thus, in terms of averaged systems, the notion "mean 
stability" of random complex dynamics can be regarded as an analogy of "hyperbolicity" of the 
usual iteration dynamics of a single rational map. For a metric space {X, d), let O be the topology 
of DJti^c{X) such that fin ^ ^ in (9Jli,c(-'f ), C) as n ^> 00 if and only if (i) J (pdfin J 'fidfi for 
each bounded continuous function ip : X ^ C, and (ii) F^^ — > F^ with respect to the Hausdorff 
metric in the space Cpt{X). We say that a subset y of Rat satisfies condition (*) if 3^ is closed 
in Rat and at least one of the following (1) and (2) holds: (1) for each (zo,/io) G C x y, there 
exists a holomorphic family {^aIagA of rational maps with [J^eAid^} C y and an element Aq G A, 
such that, gxg = Hq and A 1— >■ g\{zQ) is non-constant in any neighborhood of Ao. (2) 3^ C "P and 
for each (zq^Hq) G C x 3^, there exists a holomorphic family {gx}\eA of polynomial maps with 
[Jx^j^{g\} C y and an element Aq G A such that gxg — ho and A 1-^ g\{zo) is non-constant in 
any neighborhood of Aq. For example. Rat, Rat_(-, V, and {z'^ -|- c | c G C} (d G N, d > 2) satisfy 
condition (*). Under these notations, we prove the following theorem. 

Theorem 1.5 (Cooperation Principle IV, Density of Mean Stable Systems, see Theorem I3.19p . 
Let y be a subset of V satisfying condition (*). Then, we have the following. 

(1) The set {r G S!Hi,c(y) | is mean stable} is open and dense in (9Jli,c(y), C)- Moreover, the 
set {t G Tli^dy) I -'^kor(Gr) = 0, JiGr) ^ 0} contains {r G 9Jli,c(3^) | t is mean stable}. 

(2) The set {r G 9Hi.c(y) | t is mean stable, f,Tr < 00} is dense in (ffli,c(y), O). 
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We remark that in the study of iteration of a single rational map, we have a very famous 
conjecture (HD conjecture, see [TSl Conjecture 1.1]) which states that hyperbolic rational maps 
are dense in the space of rational maps. Theorem 11.51 solves this kind of problem (in terms of 
averaged systems) in the study of random dynamics of complex polynomials. We also prove the 
following result. 

Theorem 1.6 (see Corollarv l3.22p . Let y be a subset o/Rat-|_ satisfying condition (*). Then, the 
set 

{t e Muciy) I T IS mean stable} U {p e Mudy) I Min(G'p,C) = {C}, J{Gp) = C} 
is dense in (9Jli,c(y), O). 

For the proofs of Theorems 11.51 and II. 6[ we need to investigate and classify the minimal sets 
for ((r),C), where F e Cpt(Rat), and (F) denotes the rational semigroup generated by F (thus 
(F) = {(7ij o- • -ogj^^ I n G N,\fgi- £ F}) fLemmas 13 . 713. 1"51) . In particular, it is important to analyze 
the reason of instability for a non- attracting minimal set. 

For each r G 9Jli^c(R-at) and for each L G Min(Gr,C), let Tl^t be the function of probability 
of tending to L. We set C(C)* := {p : C(C) ^ C | p is linear and continuous} endowed with the 
weak* -topology. We prove the following stability result. 

Theorem 1.7 (Cooperation Principle V, O-Stability for Mean Stable Systems, see Theorem l3.23p . 

Let T G 93Ti_c(R-at) be mean stable. Suppose J{Gr) ^ 0. Then there exists a neighborhood D, of t 
in (931i,c(R.at), O) such that all of the following hold. 

(1) For each ven,v is mean stable, ti(J(G'^)) > 3, and tJ(Min(G,., C)) = tJ(Min(G^, C)). 

(2) For each v ^^l, Ain\c{Uy) = dimc(C/r)- 

(3) The map tt^ and v ^ Uy are continuous on VL, where ■Uu : C{C) — t- Ui, denotes the 
canonical projection (see Theorem l 1 . 2\) . More precisely, for each v Gfl, there exists a family 

of unitary eigenvectors of : C(C) — ?> C{C), where q — dimc(UT), and a finite 
family {pj,u}'j=i in G(C)* such that all of the following hold. 

(a) is a basis ofU^. 

(b) For each j , v h- > G G(C) is continuous on f2. 

(c) For each j , v i— > pj i, G G(C)* is continuous on VL. 

(d) For each {i,j) and each v Pi,v{^j.v) — ^ij- 

(e) For each v eO. and each ip G G(C), 7r,y((p) — Pj,i'{f) ' fj.v 

(4) For each L G Min(Gr,C), there exists a continuous map n- Lj, G Min(Gj/,C) C Cpt(C) 
on r2 with respect to the Hausdorff metric such that Lt = L. Moreover, for each G fi, 
{L^}^gj^jjj(.Q = Min(Gi/, C). Moreover, for each v G fl and for each L,L' G Min(GT,C) 

with L 7^ L' , we have L^ fl L'^^ = 0. Furthermore, for each L G Min(Gr,C), the map v 
T^L^.v G (C'('C), II • lloo) is continuous on fl. 

By applying these results, we give a characterization of mean stability (Theorem 13. 24p . 

We remark that if t G $Hi,c(Rat+) is mean stable and jj(Min(Gr , C)) > 1, then the averaged 
system of r is stable (Theorem 1 1.7p and the system also has a kind of variety. Thus such a r can 
describe a stable system which does not lose variety. This fact (with Theorems II. 5i 11.11 11.21) might 
be useful when we consider mathematical modeling in various fields. 

Let 3^ be a subset of Rat satisfying (*). Let {Mt}te[o,i] a continuous family in {^i^c{y), O). 
We consider the bifurcation of {M^dtefo,!] and {G^jjfgjo.i]. We prove the following result. 
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Theorem 1.8 (Bifurcation: see Theorem 13.251 and Lemmas 13 . 71 13 . 1 5)) . Lety he a subset o/Rat+ 
satisfying condition (*). For each t g [0,1], let fit be an element of Oyii dy)- Suppose that all of 
the following conditions (l)-(4) hold. 

(1) t ^ /it G (2)ti_c(3^), O) is continuous on [0, 1]. 

(2) Ifti,t2 G [0, 1] and ti < t2, then F^^^ C int(r^j^) with respect to the topology ofy. 

(3) int(r^J ^0 a«rfF(G^J ^0. 

(4) tt(Min(G^„,C))^«(Min(G^,,C)). 

Let B := {t E [0, 1) | /if is not mean stable}. Then, we have the following. 

(a) For each t G [0, 1], Jkcr(G;^j) = and ^J{Gi_n) > 3, and all statements in '^S', Theorem 3.15] 
and Theorems ( with t — fit) hold. 

(b) We have 1 < tt-B < tl(Min(G^o, C))-tJ(Min(G^i , C)) < oo. Moreover, for each t G B, either (i) 
there exists an element L G Min(Gpj, C), a point z d L, and an element g G dV ^^{c y) such 
that z L n J{G^^) and g{z) G L H J(G^(), or (ii) there exist an element L G Min(G^j , C), 
a point z L, and finitely many elements gi, . . . ,gr G dVf^^ such that L C F{G^^) and z 
belongs to a Siegel disk or a Hermann ring of gr ° ■ ■ ■ ° gi- 

(c) For each s G (0, 1] there exists a number tg G (0, s) such that for each t G [^s, s], 
tt(Min(G^„C)) =tt(Min(G^^,C)). 

In Example I3.26[ an example to which we can apply the above theorem is given. 
We also investigate the spectral properties of acting on Holder continuous functions on C 
and stability (see subsection 13. 2p . For each a G (0, 1), let 

G"(C) := {(/? G G(C) I sup^ l(y9(x) - (p{y)\/d{x,y)"' < oo} be the Banach space of ah 

complex- valued a-Holder continuous functions on C endowed with the a- Holder norm )] • ]]„, where 

M\a sup^gc + ^^Px^yeLx=^v Ifi^) - 'P(.y)\/d{x, y)" for each ip G G"(C). 

Regarding the space Ut, we prove the following. 

Theorem 1.9. Let t G 9Jti,c(R-at). Suppose that Jkci{Gr) = and J{Gr) 7^ 0. Then, there 
exists an a £ (0,1) such that Ur C G"(C). Moreover, for each L G Min(Gr,C), the function 
Tl^t : C — i> [0, 1] of probability of tending to L belongs to G"(C). 

Thus each element of Ut has a kind of regularity. For the proof of Theorem II. 9[ the result 
"each element of Ut is locally constant on F{Gt)" fTheorem ll.2l (D) is used. 

If T G 2'li_c(R.at) is mean stable and J{Gt) 7^ 0, then by 29, Proposition 3.65], we have 
St C F{Gt). From this point of view, we consider the situation that t G 2'li_c(R-at) satisfies 
>/kcr(Gr) = 0, J{Gt) 7^ 0, and St C F{Gt). Under this situation, we have several very strong 
results. Note that there exists an example of r G 2Jti^c(^) with jJF,- < oo such that Jkcr(Gr) = 0, 
J{Gt) 7^ 0, S't C F{Gt), and r is not mean stable (see Example 16. 3p . 

Theorem 1.10 (Cooperation Principle VI, Exponential Rate of Convergence: see Theorem 13. 29p . 
Let T G 9Jti^c(Rat). Suppose that Jker(Gr) = 0, J{Gt) 7^ 0, and St C F{Gt). Then, there exists 
a constant a G (0, 1), a constant A G (0, 1), and a constant G > such that for each Lp G G"(C), 
11M;'(^ - tTt{v))\U < for each n G N. 

For the proof of Theorem 11.101 we need some careful arguments on the hyperbolic metric on 
each connected component of F{Gt). 

We remark that in 1983, by numerical experiments, K. Matsumoto and I. Tsuda ([T7]) observed 
that if we add some uniform noise to the dynamical system associated with iteration of a chaotic 
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map on the unit interval [0, 1], then under certain conditions, the quantities which represent chaos 
(e.g., entropy, Lyapunov exponent, etc.) decrease. More precisely, they observed that the entropy 
decreases and the Lyapunov exponent turns negative. They called this phenomenon "noise-induced 
order" , and many physicists have investigated it by numerical experiments, although there has been 
only a few mathematical supports for it. 

Remark 1.11. Let r e 9Jli^c(R.at) be mean stable and suppose J{Gr) ^ 0. Then by The- 
orem 3.15], the chaos of the averaged system of r disappears (Cooperation Principle II), and by 
Theorem 11.101 there exists an ao £ (0, 1) such that for each a £ (0, 1) the action of {Af"}„gN 
on C"(C) is well-behaved. However, [29l Theorem 3.82] tells us that under certain conditions on 
a mean stable r, there exists a /? £ (0, 1) such that any non-constant element ip d Ut does not 
belong to C'^(C) (note: for the proof of this result, we use the BirkhofF ergodic theorem and po- 
tential theory). Hence, there exists an element ip £ C^(C) such that ||M"(7/')||^ oo as n — oo. 
Therefore, the action of {M"}„£n on C''(C) is not well behaved. In other words, regarding the 
dynamics of the averaged system of r, there still exists a kind of chaos (or complexity) in the space 
(C''(C), II • even though there exists no chaos in the space (C(C), || • ||oo)- From this point of 
view, in the field of random dynamics, we have a kind of gradation or stratification between chaos 
and non-chaos. It may be nice to investigate and reconsider the chaos theory and mathematical 
modeling from this point of view. 

We now consider the spectrum SpecQ,(M^) of Mr : C"(C) C"(C). From Theorem [TTUl 
denoting by Uy^ri'C) the set of unitary eigenvalues of Mr : C(C) C{C) (note: by Theorem 11.91 
Uy^ri^) C Spec^{Mr) for some a £ (0,1)), we can show that the distance between Uy^r{^) and 
Spec„(M^) \ Uv^r{'C) is positive. 

Theorem 1.12 (see Theorem 13. 30p . Under the assumptions of Theorem ] 1.1 (A SpecQ,(Af7-) C {2; £ 
C I |2:| < A} UMu.T-(C), where A £ (0,1) denotes the constant in Theorem ] 1.10\ 

Combining Theorem 11.121 and perturbation theory for linear operators ( IB]), we obtain the 
following theorem. We remark that even if (?„ — > 5 in Rat, for a 95 £ C"(C), \\ip o g„ — ip o g\\^ 
does not tend to zero in general. Thus when we perturb generators {hj} of F^, we cannot apply 
perturbation theory for Mr on C"(C). However, for a fixed generator system {hi, . . . , /i^) £ Rat™, 
the map (pi, . . . ,p™) £ := {(ai, . . . ,a„) £ (0, 1)™ | ^7=1 «j = 1} ^ ^feiW^ ^ HC^iQ) 
is real- analytic, where L{C°' {<€.)) denotes the Banach space of bounded linear operators on C"(C) 
endowed with the operator norm. Thus we can apply perturbation theory for the above real- 
analytic family of operators. 

Theorem 1.13 (see Theorem I3.3ip . Let rn £ N with m > 2. Let hi,...,hm £ Rat. Let 
G = {hi,...,hm). Suppose that J],„{G) = %,J{G) ^ and ^L^Min(G,C)^ ^ P{G)- Let := 
{(ai,...,a,„) £ (0,1)™ I Er=i%- = 1} = {(ai,...,a™^i) £ (0,l)™-i | EjlV < !}■ For each 
a — (ai, . . . , Om) S Wm, let Ta :— X^JLi o-j^hj G 3Jli_c(Rat). Then we have all of the following. 

(1) For each b £ Wm, there exists an a e (0,1) such that a 1-^ (tt^^ : C"(C) C"(C)) £ 
L(C"(C)) is real-analytic in an open neighborhood of b in Wm- 

(2) Let L £ Min(G', C). Then, for each b £ Wm, there exists an a G (0,1) such that the map 
a 1— )■ T^ ^a £ (C'"(C), II • \\a) is real- analytic in an open neighborhood ofb in W„i- Moreover, the 
map a T^^Ta G (C'(C), || • ||oo) is real-analytic in Wm. In particular, for each z E C, the map 
a ^ TL^raiz) is real-analytic in Wm- Furthermore, for any multi-index n — (ni, . . . , nm-i) G 
(N U {0})°™-! and for any b £ W™, the function z ^ [(gf^)"i ■ • ■ (^£-^)«"-i (Tl,,„ (z))] U=b 

is Holder continuous on C and is locally constant on F{G). 
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(3) Let L S Min(G, C) and let b G Wm- For each i = 1, ... ,m — 1 and for each z £ C, let 
ilJi,b(z) ■■= [-£-iTL,TAz))]\a=b and let Ci,b(^) TL,Tt{hi{z)) - TL^rt{hm{z)). Then, V^^.f, is 

the unique solution of the functional equation {I — Mr^){ip) — CiMii^lsr^ = OjV' G C'(C), 
where I denotes the identity map. Moreover, there exists a number a £ (0, 1) such that 
V-^fc = EZo Ml{C.,b) m (C"(C), II • lU). 

Remark 1.14 (see also Example 16. 2p . (1) By Theorem ll.5l -(2). the set of all finite subsets F of 
V satisfying the assumption "Jkor((r)) = 0, J((r}) ^ and U^gMin((r),c)^ ^ F{{T)Y of Theo- 
rem [T331 is dense in Cpt(7') with respect to the Hausdorff metric. (2) The function defined 
on C can be regarded as a complex analogue of Lebesgue singular functions or the devil's staircase, 
and the function z H> ijjifi{z) = [^('7L^T-^(z))]|a=b defined on C can be regarded as a complex 
analogue of the Takagi function T{x) := ^ min^GZ |2"a; — m| where a; G M. (The 

Takagi function T has many interesting properties. For example, it is continuous but nowhere 
differentiable on M. There are many studies on the Takagi function. See [331[T31[2ni[I]-) In order to 
explain the details, let gi{x) := 2x,g2{x) := 2{x — 1) + 1 (x G M) and let < a < 1 be a constant. 
We consider the random dynamical system on R such that at every step we choose the map 171 with 
probability a and the map 52 with probability 1 — a. Let T+oo,a{x) be the probability of tending 
to +00 starting with the initial value x £ M. Then, as the author of this paper pointed out in [29], 
we can see that for each a G (0, 1) with 07^ 1/2, the function T+aDM\[o,i] ■ [0, 1] [0, 1] is equal 
to Lebesgue's singular function La with respect to the parameter a. (For the definition of La, 
see [34]. See Figured] ^29,.) The author found that, in a similar way, many singular functions on 
M (including the devil's staircase) can be regarded as the functions of probability of tending to 
-l-cxD with respect to some random dynamical systems on R ( [29[l5n] ). It is well-known (see (Ml 120) ) 
that for each x G [0, 1], a 1-^ La{x) is real-analytic in (0, 1), and that x 1-^ {l/2)[-^{La{x))]\a=i/2 
is equal to the Takagi function restricted to [0, 1] (Figure [Ij. From this point of view, the function 
z >— >■ '4'i,b{z) defined on C can be regarded as a complex analogue of the Takagi function. This is a 
new concept introduced in this paper. In fact, the author found that by using random dynamical 
systems, we can find many analogues of the Takagi function. For the figure of the graph of ipi^b, 
see Example 16.21 and Figure |4] Some results on the (non-)differentiability of T^.t^ were obtained 
in [291 . 



Figure 1: From left to right, the graphs of the devil's staircase, Lebesgue's singular function and 
the Takagi function. The Takagi function is continuous but nowhere differentiable on R. 




In this paper, we present a result on the non-differentiability of the function ipi_f){z) of Theo- 
rem [031 at points in J{Gr) (Theorem 13. 39p . which is obtained by the application of the Birkhoff 
ergodic theorem, potential theory and some results from j29j . 

Combining these results, we can say that for a generic r G dJli^ciV), the chaos of the averaged 
system associated with r disappears, (|(Min(GT-, C)) < 00, each L G Min(G'r , C) is attracting, there 
exists a stability on Ur and Min(Gr,C) in a neighborhood of r in {dJli^c{T-'),0), and there exists 
an a G (0,1) such that for each ip G C°'{£), M^{(p) tends to the space Ur exponentially fast. 
Note that these phenomena can hold in random complex dynamics but cannot hold in the usual 
iteration dynamics of a single rational map h with deg{h) > 2. We systematically investigate these 
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Figure 2: The Julia set of G = (/ii,/i2), where gi{z) :— — l,g2{z) :— z^/4, /ii :— gl,h2 := g^. 
The planar postcritical set of G is bounded in C, J(G) is not connected and G is hyperbolic ([28]). 
(/ii,/i2) satisfies the open set condition and dim/f (J(G)) < 2 Moreover, for each connected 

component J of J(G), 317 e {ft-i, /i2}'*' s.t. J = J^. For almost every 7 G {/ii, with respect to 
a Bernoulli measure, J-y is a simple closed curve but not a quasicircle, and the basin Aj of infinity 
for the sequence 7 is a John domain (j28j). 




Figure 3: The graph of 2; i-)- Too,Tfi/2 1/2) (^)i where, letting (/ii,/i2) be the element in Figure^ we 
set Ta :— Y^^=i o,j^hj for each a g W2- is mean stable. A devil's coliseum (a complex analogue 
of the devil's staircase or Lebesgue's singular functions). This function is continuous on C and the 
set of varying points is equal to J(G) in Figure [51 




Figure 4: The graph of z [{dTao,TA^) / dai)\\a^^i/2, where, is the element in Figure [31 A 
complex analogue of the Takagi function. This function is continuous on C and the set of 
varying points is included in J(G) in Figure [2l 
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phenomena and their mechanisms. As the author mentioned in Remark 11.111 these results will 
stimulate the chaos theory and the mathematical modeling in various fields, and will lead us to a 
new interesting field. Moreover, these results are related to fractal geometry very deeply. 

In section [21 we give some basic notations and definitions. In section [31 we present the main 
results of this paper. In section[31 we give some basic tools to prove the main results. In section[51 
we give the proofs of the main results. In section [6l we present several examples which describe 
the main results. 

Acknowledgment. The author thanks Rich Stankewitz for valuable comments. This work was 
partially supported by JSPS Grant-in- Aid for Scientific Research (C) 21540216. 

2 Preliminaries 

In this section, we give some fundamental notations and definitions. 

Notation: Let {X,d) be a metric space, A a subset of X, and r > 0. We set B{A,r) := {z G 
X I d{z,A) < r}. Moreover, for a subset C of C, we set D{C,r) := {z £ C | infaec N — a| < ''}• 
Moreover, for any topological space Y and for any subset A of y, we denote by mt{A) the set of 
all interior points of A. We denote by Con(yl) the set of all connected components of A. 

Definition 2.1. Let y be a metric space. We set C{Y) :— {(p : Y —i' C \ (p is continuous }. When 
Y is compact, we endow C{Y) with the supremum norm || • ||oo- Moreover, for a subset J- of C{Y), 
we set J-nc :— {ip € J- \ ip is not constant}. 

Definition 2.2. A rational semigroup is a semigroup generated by a family of non-constant ra- 
tional maps on the Riemann sphere C with the semigroup operation being functional compositionf [Hi 
[T^). A polynomial semigroup is a semigroup generated by a family of non-constant polynomial 
maps. We set Rat : — {h : C C \ h is a non-constant rational map} endowed with the distance 
K which is defined by g) := sup^^j^. d{f{z),g{z)), where d denotes the spherical distance on C. 
Moreover, we set Rat+ := {h G Rat | deg{h) > 2} endowed with the relative topology from Rat. 
Furthermore, we set V {g : C C \ g is a, polynomial, deg{g) > 2} endowed with the relative 
topology from Rat. 

Remark 2.3 ([2]). For each rf e N, let Rat^ := {g e Rat | deg(g) = d} and for each d e N with 
d > 2, let Vd ■= {g ^ V \ deg{g) = d}. Then for each d, Rat^ (resp. Vd) is a connected component 
of Rat (resp. P). Moreover, Rat^ (resp. Vd) is open and closed in Rat (resp. V) and is a finite 
dimensional complex manifold. Furthermore, /i„ ^ ft, in "P if and only if deg(ft„) ~ deg{h) for each 
large n and the coefficients of /i„ tend to the coefficients of h appropriately as n — >■ cx). 

Definition 2.4. Let G be a rational semigroup. The Fatou set of G is defined to be F{G) := 
{z G C I 3 neighborhood U of z s.t. {g\u : U — C}(,gG is equicontinuous on U}. (For the definition 
of equicontinuity, see [2].) The Julia set of G is defined to be J(G) := C\F{G). If G is generated 
by {gi}i, then we write G = {gi,g2, ■ ■ ■)■ If G is generated by a subset F of Rat, then we write 
G = (F). For finitely many elements 51, . . . G Rat, we set F(gi, . . . ,3™) F{{gi, . . . ,g,n)) 
and J{gi, . . . ,g,n) := J((gi, . . . , 5™)). For a subset A of C, we set G{A) := UgsG^l^) and 
G-^{A) UggQ g^^i^)- We set G* := G U {Id}, where Id denotes the identity map. 

Lemma 2.5 ([I11[I1]). Let G be a rational semigroup. Then, for each h e G, h{F{G)) C F{G) 
and h^^{J{G)) C J{G). Note that the equality does not hold in general. 

The following is the key to investigating random complex dynamics. 

Definition 2.6. Let G be a rational semigroup. We set Jker(G) := Plggc This is called 

the kernel Julia set of G. 
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Remark 2.7. Let G be a rational semigroup. (1) Jkor(G) is a compact subset of J{G). (2) 
For each h ^ G, /i(Jkor(G')) C Jkor(G). (3) If G is a rational semigroup and if F{G) ^ 0, then 
int(Jkor(G)) — 0. (4) If G is generated by a single map or if G is a group, then Jkcr(G) = J(G). 
However, for a general rational semigroup G, it may happen that — J\uax{G) / J(G) (see [29j). 

It is sometimes important to investigate the dynamics of sequences of maps. 

Definition 2.8. For each 7 = (71,72,...) G (Rat)'^ and each m,ri G N with m > n, we set 
7m,n = 7m o • • • o 7n and we set 

F~f := {z E C \ 3 neighborhood C/ of z s.t. {7„,i}„gN is equicontinuous on U} 

and := C \ i^^. The set F^ is called the Fatou set of the sequence 7 and the set J-y is called 
the Julia set of the sequence 7. 

Remark 2.9. Let 7 e (Rat+)^. Then by d Theorem 2.8.2], ^ 0. Moreover, if F is a non-empty 
compact subset of Rat+ and 7 G F^, then by [24], is a perfect set and Jj has uncountably many 
points. 

We now give some notations on random dynamics. 

Definition 2.10. For a metric space Y, we denote by SOti (Y) the space of all Borel probability mea- 
sures on Y endowed with the topology such that /i„ — in ^ffll{Y) if and only if for each bounded 
continuous function (p : Y C, J (p djin J tp d^. Note that if F is a compact metric space, 

then 97li(y) is a compact metric space with the metric doifii, fJ.2) ■— X^jli ^ i+j/^^d^n-j^'rf^ai ' 
where {(f>j}j^f>i is a dense subset of C{Y). Moreover, for each r G 2Jti(y), we set suppr := {z G 
Y I V neighborhood U of z, t{U) > 0}. Note that suppr is a closed subset of Y. Furthermore, we 
set D)li^c{y) {t G D)li{Y) \ suppr is compact}. 

For a complex Banach space B, we denote by B* the space of all continuous complex linear 
functionals p : B ^ C, endowed with the weak* topology. 

For any r G S[Jli(Rat), we will consider the i.i.d. random dynamics on C such that at every 
step we choose a map g G Rat according to r (thus this determines a time-discrete Markov process 
with time-homogeneous transition probabilities on the phase space C such that for each a; G C and 
each Borel measurable subset A of C, the transition probability p{x, A) of the Markov process is 
defined as p{x,A) = T{{g G Rat | g{x) G A})). 

Definition 2.11. Let r G 9Jti(Rat). 

1. We set Ft- :— suppr (thus F,- is a closed subset of Rat). Moreover, we set Xr :— {TrY^ 
{— {7 — (71,72,...) I 7j G F^ (Vj)}) endowed with the product topology. Furthermore, 
we set f := ®^ir. This is the unique Borel probability measure on X^. such that for each 
cylinder set A = Ai x • ■ • x A„ x F,- x F^ x • • • in X^, f{A) = 0^=1 '''(^j)- We denote by G^ 
the subsemigroup of Rat generated by the subset F,- of Rat. 

2. Let Mr be the operator on G(C) defined by Mr{p){z) :— Jp p{g{z)) dT{g). Mr is called 
the transition operator of the Markov process induced by r. Moreover, let M* : G(C)* 
G(C)* be the dual of Mr, which is defined as M*{p){p) = n{Mr{ip)) for each ^ G C{t)* and 
each ip G G(C). Remark: we have M*{mi{t)) C OTi(C) and for each fi G mi{t) and each 
open subset V of C, we have M;{y){V) = /p^ ii{g-'^{V)) drig). 

3. We denote by F,neas{T) the set of /i G 97li(C) satisfying that there exists a neighborhood B 
of /i in 9Jti(C) such that the sequence {(M*)"|b : B — > 9Jti(C)}„gN is equicontinuous on B. 

We set Jmeasir) := ajli(C) \ F„,eas{T). 
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Remark 2.12. Let F be a closed subset of Rat. Then there exists a r € 97li(Rat) such that 
Ft- — F. By using this fact, we sometimes apply the results on random complex dynamics to the 
study of the dynamics of rational semigroups. 

Definition 2.13. Let y be a compact metric space. Let $ : y — ;> 9}li(F) be the topological 
embedding defined by: $(2) := 6z, where 5z denotes the Dirac measure at z. Using this topological 
embedding $ : F — > 9Jti(y), we regard F as a compact subset of 9Jli(F). 

Remark 2.14. li h G Rat and r — Sh, then we have M* o $ = $ o on C. Moreover, for a general 
T e 9Jti(Rat), M*{p) = Jh^{^i)dT{h) for each n e 9}li(C). Therefore, for a general r G 9Jli(Rat), 
the map M* : $Xlti(C) — > 97li(C) can be regarded as the "averaged map" on the extension 97li(C) 
of C. 

Remark 2.15. If r = Sh e 9Jti(Rat+) with h e Rat_|_, then Jmeas{T) ^ 0. In fact, using the 
embedding $ : C 9Ki(C), we have <I>(J(/i)) C Jmeasir). 

The following is an important and interesting object in random dynamics. 

Definition 2.16. Let A be a subset of C. Let r G 3Jli(Rat). For each z G C, we set Ta.t{z) := 
^({7 = (71j72, ■ . .) G Xr I d{jns{z), A) — >■ as n — J> 00}). This is the probability of tending to A 
starting with the initial value z G C. For any a G C, we set Ta.r '■— T_^a},T- 

Definition 2.17. Let B he a complex vector space and let M : ;B ^ i3 be a linear operator. Let 
if G B and a G C be such that ip ^ 0, \a\ — 1, and M{ip) — aip. Then we say that is a unitary 
eigenvector of M with respect to a, and we say that a is a unitary eigenvalue. 

Definition 2.18. Let r G 9Jli(Rat). Let K he a non-empty subset of C such that Gt{K) C K . 
We denote by lAf^r{K) the set of all unitary eigenvectors of Mr : C{K) — > C{K). Moreover, we 
denote hy Uv^t{K) the set of all unitary eigenvalues of Mt- : C{K) — > C{K). Similarly, we denote by 
Uf^T,*{K) the set of all unitary eigenvectors of M* : C{K)* — > C{K)*, and we denote by Uv^r,*{K) 
the set of all unitary eigenvalues of M* : C{K)* C{K)*. 

Definition 2.19. Let F be a complex vector space and let A be a subset of V. We set LS(yl) :— 
{Z^jLifli'^i I ai,...,a,„ G C, ui,...,t;„i G A,to G N}. 

Definition 2.20. Let F be a topological space and let F be a subset of Y. We denote by CviY) 
the space of all Lp G C{Y) such that for each connected component U of V , there exists a constant 
cc/ G C with if\u = cu- 

Definition 2.21. For a topological space Y, we denote by Cpt(y) the space of all non-empty 
compact subsets of Y. If y is a metric space, we endow Cpt(y) with the HausdorfF metric. 

Definition 2.22. Let G be a rational semigroup. Let Y G Cpt(C) be such that G{Y) C Y. 
Let K G Cpt(C). We say that K is a minimal set for {G,Y) if K is minimal among the space 
{L G Cpt(F) I G{L) C L} with respect to inclusion. Moreover, we set Min(G', F) := {K G 
Cpt(r) I is a minimal set for iG,Y)}. 

Remark 2.23. Let G be a rational semigroup. By Zorn's lemma, it is easy to see that if Ki G 
Cpt(C) and G{Ki) C Ki, then there exists a K E Min(G, C) with K C Ki. Moreover, it is easy to 
see that for each K G Min(G, C) and each z G K, G{z) = K. In particular, if i^i, K2 G Min(G, C) 
with Ki ^ then Ki n K2 = 0. Moreover, by the formula G(z) = K, we obtain that for each 
K G Min(G, C), either (1) < 00 or (2) K is perfect and jjif > Kq. Furthermore, it is easy to see 
that if F G Cpt(Rat), G = (F), and K G Min(G, C), then K = IJ^gr K^)- 

Remark 2.24. In [29l Remark 3.9], for the statement "for each K G Min(G, Y), either (1) ft if < 00 
or (2) K is perfect" , we should assume that each element g G G is a finite-to-one map. 
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Definition 2.25. For each r e OTi,c(Rat), we set St ■= {JLeMin{G^ C) ^■ 

In [29], the fohowing resuh was proved by the author of this paper. 

Theorem 2.26 ([H], Cooperation Principle II: Disappearance of Chaos). Let t G 9Jti,c(R.at). 
Suppose that Jkor(Gr) = and J{Gr ) 7^ 0- Then, all of the following statements hold. 

1. Let So,T := {<P G C(C) | M^{ip) as n — > 00}. Then, Bo_r is o, closed subspace of 
C(C) and there exists a direct sum decomposition C(C) = LS(W/.t-(C)) So,t- Moreover, 
LS{Uf^r{C)) C Cj.(Go(C) and dinic(LS(^Y/,^(C))) < 00. 

pAm{Gr,C) < 00. 

5. Lei W := UAGCon(F(G )) AnS 7^0 '^^6'^ *5't- is compact. Moreover, for each z S C there 
exists a Borel measurable subset Cz of (Rat)^ with f{Cz) = 1 such that for each 'y £ Cz, there 
exists an n with 7^,1(2;) G W and d{'ym,i{z), Sr) — > as m ^ 00. 

Definition 2.27. Under the assumptions of Theoreni l2.26[ we denote by tt,- : C(C) — ?• LS(Z///_t(C)) 
the projection determined by the direct sum decomposition C(C) = LS(W/^t-(C)) ® Bo.r- 

Remark 2.28. Under the assumptions of Theorem 12. 26[ by the theorem, we have that \\M"{ip — 
T^T{<fi))\\oo ^ as n — s> 00, for each if G C(C). 

3 Results 

In this section, we present the main resuhs of this paper. 
3.1 Stability and bifurcation 

In this subsection, we present some resuhs on stabihty and bifurcation of M^- or M*. The proofs 
of the resuhs are given in subsection 15.11 

Definition 3.1. Let {X, d) be a metric space. Let O be the topology oidJli^dX) such that /!„ — > /i 
in (^Mi^ciX), O) as n — > 00 if and only if (1) J fdjin J ^d^ for each bounded continuous function 
if : X C, and (2) supp/i„ — ?> supp/i with respect to the HausdorfF metric in the space Cpt(X). 

Definition 3.2. Let F G Cpt(Rat). Let G — (F). We say that G is mean stable if there exist 
non-empty open subsets U, V of F{G) and a number n G N such that all of the following hold. 

{1) V CU and U C F{G). 

(2) For each 7 G F^, 7„,i(!7) C V. 

(3) For each point z G C, there exists an element g € G such that g{z) G U. 

Note that this definition does not depend on the choice of a compact set F which generates G. 
Moreover, for a F G Cpt(Rat), we say that F is mean stable if (F) is mean stable. Furthermore, 
for a r G 2ni_c(Rat), we say that r is mean stable if Gr is mean stable. 

Remark 3.3. If G is mean stable, then Jkcr(G) = 0. 

Definition 3.4. Let F G Cpt(Rat) and let G = (F). We say that L G Min(G, C) is attracting (for 
(G, C)) if there exist non-empty open subsets U, V of F{G) and a number n G N such that both of 
the following hold. 

(1) LcUcUcJ7cC7c F{G), tl(C \ U) > 3. 
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(2) For each 7 S T^, 7„a(C/) C V. 

Remark 3.5. For each h G O Rat, 

jj{ attracting minimal set for (G, C)} < ^{attracting cycles of h} < 00. 

Remark 3.6. Let F e Cpt(Rat). Let G = (F). Suppose that ttJ(G) > 3. Then [29, Theorem 3.15, 
Remark 3.61, Proposition 3.65] imply that F is mean stable if and only if tt(Min(G, C)) < 00 and 
each L S Min(G, C) is attracting for (G,C). Combining this with Remark 13.51 it follows that F is 
mean stable if and only if each L G Min(G, C) is attracting for (G, C). 

We now give a classification of minimal sets. 

Lemma 3.7. Let F e Cpt(Rat+) and let G = (F). Let L G Min(G,C). Then exactly one of the 
following holds. 

(1) L is attracting. 

(2) L n J(G) ^ 0. Moreover, for each z G L Cl J{G), there exists an element g G F with g{z) e 
Lr\J{G). 

(3) L C F{G) and there exists an element g E G and an element U G Con(i^(G)) with LClU 9 
such that g{U) C U and U is a subset of a Siegel disk or a Hermann ring of g. 

Definition 3.8. Let F G Cpt(Rat+) and let G = (F). Let L G Min(G,C). 

• We say that L is J-touching (for (G, C)) if L n J(G) / 0. 

• We say that L is sub-rotative (for (G, C)) if (3) in Lemma 1X71 holds. 

Definition 3.9. Let F G Cpt(Rat+) and let L G Min((F), C). Suppose L is J-touching or sub- 
rotative. Moreover, suppose L ^ C. Let g G F. We say that g is a bifurcation element for (F,i) if 
one of the following statements (1)(2) holds. 

(1) L is J-touching and there exists a point z G i fl J((F}) such that g{z) G J((F)). 

(2) There exist an open subset J7 of C with t/flL ^ and finitely many elements 71, ... , 7„_i G F 
such that g o ^n-i ■ ■ ■ ° li{U) C U and t/ is a subset of a Siegel disk or a Hermann ring of 
5°7n-i---o7i- 

Furthermore, we say that an element 5 G F is a bifurcation element for F if there exists an 
L G Min((F), C) such that t; is a bifurcation element for (F, L). 

We now consider families of rational maps. 

Definition 3.10. Let A be a finite dimensional complex manifold and let {^aIagA be a family 
of rational maps on C. We say that {(JaIasA is a holomorphic family of rational maps if the map 
(z, A) G C X A i-> g\{z) G C is holomorphic on C x A. We say that {^aIasA is a holomorphic family 
of polynomials if {(7a}agA is a holomorphic family of rational maps and each ^a is a polynomial. 

Definition 3.11. Let 3^ be a subset of Rat and let ?7 be a non-empty open subset of C. We say 
that y is strongly [/-admissible if for each (20,^0) ^ U xy, there exists a holomorphic family 
{^aIasA of rational maps with 1Ja(ea{5^} ^ ^'^'^ element Aq G A such that ^Ao = and 
A H- > g\{zQ) is non-constant in any neighborhood of Aq. 

Example 3.12. Rat+ is strongly C-admissible. V is strongly C-admissible. Let /o G V. Then 
{/o + c|cGC}is strongly C-admissible. 
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Definition 3.13. Let y he a subset of Rat. We say that y satisfies condition (*) if 3^ is a closed 
subset of Rat and at least one of the following (1) and (2) holds. (1): y is strongly C-admissible. 
{2) y CV and y is strongly C-admissiblc. 

Example 3.14. The sets Rat, Rat+ and V satisfy {*). For an ho G P, the set {ho + c | c G C} is 
a subset of V and satisfies (*). 

We now present a result on bifurcation elements. 

Lemma 3.15. Let y be a subset o/ Rat-|_ satisfying condition (*). Let T G Cpt(3^) and let L G 
Min((r),C). Suppose that L is J -touching or sub-rotative. Moreover, suppose L ^ C. Then, there 
exists a bifurcation element for {T,L). Moreover, each bifurcation element g G V for (r,L) belongs 
to dV , where the boundary dV ofT is taken in the topological space y. 

We now present several results on the density of mean stable systems. 

Theorem 3.16. Let y he a subset o/Rat_|_ satisfying condition (*). Let T G Cpt(y). Suppose that 
there exists an attracting L G Min((r),C). Let {ijjj^x '^f o,ttracting minimal sets for 

((r),C) such that Li ^ Lj if i ^ j (Remark: by Remark \3.5[ the set of attracting minimal sets is 
finite). Let U be a neighborhood of T in Cpt(3^). For each j — 1, . . . ,r, let Vj be a neighborhood of 
Lj with respect to the Hausdorff metric in Cpt(3^). Suppose that Vi H Vj —9 for each {i,j) with 
i ^ j. Then, there exists an open neighborhood W of T in U such that for any element V G W 
satisfying that T C int(r') with respect to the topology in y, both of the following statements hold. 

(1) (r'} is mean stable and t|Min((r'), C) = <i{L' G Min((r'), C) | L' is attracting for ((F'), C)} = 
r. 

(2) For each j — I, . . . ,r, there exists a unique element L'j G Min((r'), C) with L'^ G Vj. More- 
over, L'j is attracting for ((F'), C) for each j = 1, . . . ,r. 

Remark 3.17. Theorem [3J6l (with [29l Theorem 3.15]) generalizes [10, Theorem 0.1]. 

Theorem 3.18. Let y be a subset of Rat+ satisfying condition (*). Let r G 97ti.c(3^). Suppose 
that there exists an attracting L G Min(G'r,C). Let {Lj}^j^^ be the set of attracting minimal sets 

for (Gr,C) such that Li ^ Lj if i ^ j. Let U be a neighborhood of t in (9JTi.c(y), O). For each 
j ~ 1, . . . ,r, let Vj be a neighborhood of Lj with respect to the Hausdorff metric in Cj>t{y). Suppose 
that Vi n Vj = for each {i,j) with i ^ j. Then, there exists an element p with jJFp < oo such 
that all of the following hold. 

(1) Gp is mean stable and ttMin(G'p, C) = ^{L' G Min(Gp,C) | L' is attracting for (Fp,C)} = r. 

(2) For each j = 1, . . . ,r, there exists a unique element L'j G Min(Gp, C) with L'j G Vj . Moreover, 
L'j is attracting for {Gp, C) for each j = 1, . . . , r. 

Theorem 3.19 (Cooperation Principle IV: Density of Mean Stable Systems). Let y be a subset 
of V satisfying condition (*). Then, we have the following. 

(1) The set {r G StJli,c(3^) | is mean stable} is open and dense in (S[Jli^c(3^), C)- Moreover, the 
set {t G Mi^c{y) I AoAGt) = 0, J{Gr) ^ 0} contains {r G 9Jli,c(3^) | r is mean stable). 

(2) The set {r G 9Jti.c(3^) | t is mean stable, (JF^ < oo} is dense in (9Jli.c(3^), O). 

Theorem 3.20. Let y be a subset o/Rat_|_ satisfying condition (*). Let F G Cpt(y). Suppose that 
there exists no attracting minimal set for ((F), C). Then we have the following. 

(1) For any element F' G Cpt(Rat) such that F C int(F') with respect to the topology in y , we 
have that Min((F'),C) = {C} and J((F')) = C. 
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(2) For any neighborhood U of T in Cpt(J'), there exists an element V' £ lA with F' D F such 
that Min((F'),C) = {C} and J((F')) = C. 

Corollary 3.21. Let y he a subset o/Rat-|_ satisfying condition (*). Let r G 9JTi.c(3^). Suppose that 
there exists no attracting minimal set for (Gt,C). Let U be a neighborhood of t in (9Jti ,,(3^), O)- 
Then, there exists an element p eU such that Min(Gp, C) = {C} and J{Gp) ~ C. 

Corollary 3.22. Let y be a subset o/Rat_|- satisfying condition (*). Then, the set 

{t e mi^ciy) I T IS mean stable } U {p £ »ti,c(3^) | Min(Gp, C) = {C}, J(Gp) = C} 
is dense in (9Jti_c(3^), O). 

We now present a result on the stability of mean stable systems. 

Theorem 3.23 (Cooperation Principle V: O-stability of mean stable systems). Let t S OJli^c(Rat) 
be mean stable. Suppose J{Gr) ^ 0- Then there exists a neighborhood 11 of t in (3Jli_c(R.at), O) 
such that all of the following statements hold. 

1. For each v ^VL, v is mean stable, tl(J(G^)) > 3, and tJ(Min(G^, C)) = tl(Min(Gr , C)). 

2. For each L S Min(G,-, C), there exists a continuous map v i— > Qh,v G Cpt(C) on 17 with re- 
spect to the Hausdorff metric such that Ql,t = L. Moreover, for each u G fl, {Ql.i^} L^Min(G C 
Min(G,y, C). Moreover, for each v £ fl and for each L, L' e Min(Gr, C) with L ^ l! , we have 

3. For each L G Min(G7.,C) and v e Q., let r^ ■= dimc(LS(ZY/,r(i))), A^^.^ := {hr^ o ■■■ o 
hi I hj G F^(Vj)}, and G^^ := (A^^^^). Let {LjY^^^ = Min(G;^,L) (Remark: by [H 

Theorem 3.15-12], we have r^ = ttMin(G!|!^, L)). Then, for each L e Min(Gr,C) and for 
each j = \,...,rL, there exists a continuous map v i— )■ Lj^^, G Cpt(C) with respect to the 
Hausdorff metric such that, for each i/ G 11, {ij.i/jjfii — Min(GJ^'^ , and Li ^, ^ Lj ^, 

whenever i ^ j. Moreover, for each L G Min(GT, C), for each j = 1, . . . , r^, and for each 
ly € H., we have Lj+i^^ — IJher,, ^i^j,'')' "where Lr^+i^v '■= Li,y. 

4. For each efl, dimc(LS(Z///,,,(C))) dimc(LS(Z^/,r (C))) = J2l GMin(G.r,C) ''"l- For each v G 
17 and for each L G Min(Gr , C), we have dimc(LS(Z///,,y((5L^,y))) = r^, hly^^(QL,u) — {ailiiii; 
andUy^^{C) = ULeMin(G,,C){'^L}I^^i' '^^^'^^ ■= exp(27ri/rL). 

5. The maps v ^ i^i, and v LS(W/_^(C)) are continuous on 17. More precisely, for each 

G 17, there exists a finite family {^pL.i,i/ \ L G Min(Gr,C),i = 1, . . . ^r^} in Uf^^{C) and a 
finite family {pL.i,v \ L G Min(Gr , C), i = 1, . . . ,ri} in G(C)* such that all of the following 
hold. 

(a) {LpL,i,v I L G Min(Gr , C), i = l,...,ri} is a basis of hS{Uf^^{C)) and {pL,i.v I L G 
Min(Gr, C), i — \, . . . , r^} is a basis of LS(W/,,y_*(C)). 

(b) Let L G Min(Gr,C) and let i — l,...,ri. Let 1/ G 17. Then Mr^fL.i.i') = 0'\'fL,i.v, 
Vl^iAqi... = {vl,\Aql,S)\ VL,i,^\Q^,_^ = for any L' G Min(Gy,C) with L' ^ L, 
and supppL,i,iy = Ql,v Moreover, {'■PL,i,v\QL,^Yi=i is a basis of LS(Uf^^{QLA) ^"•'^ 
{PL,i,i'\c{QL M = 1, ■ • ■ ,rL} is a basis 0/ LS(Z^/,i.,* (Qi,f ))• -^'^ particular, 
dimc(LS(W/;,(QL^,))) = rL. 

(c) For each L G Min(Gr,C) and for each i = 1, . . .r^, v 1— >■ 'fL,i,v G C(C) is continuous 
on 17 and v pj^^, G G(C)* is continuous on 17. 
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(d) For each L £ Min(Gr, C), for each and each £ Q, PL.i.ui^L.j.u) = ^ij- More- 
over, For each L,L' G Min(Gr,C) with L ^ L' , for each and for each E fl, 

PL,i.u{^L',j,y) = 0. 

(e) For each f £ n and for each ip £ C{t), 7r^(</?) = ELeMin(G,,C) PL,iAv) ' "^L^i,^- 
6. For each L £ Min(G7-,C), the map v Tqj^ £ (G(C), || • ||oo) is continuous on Q. 

We now present a result on a characterization of mean stability. 

Theorem 3.24. Let y be a subset o/ Rat-(_ satisfying condition (*). We consider the following 
subsets A, B, G, E o/97li.c(3^) which are defined as follows. 

(1) A := {t £ Wli^dy) I T is mean stable}. 

(2) Let B be the set of t £ 97li,c(3^) satisfying that there exists a neighborhood D, of t in 
{mijy),0) such that (a) for each u £ Q, Jker(Gi,) = 0, and (b) ^ tlMin(G^,C) is 
constant on 57. 

(3) Let C be the set of t £ 9Jlli_c{y) satisfying that there exists a neighborhood fl of t in 
(OJli^dy), O) such that (a) for each v £ n, F{Gy) ^ 0, and (b) v ^ tJMin(G,.,C) is constant 

on ri. 

(4) Let D be the set of t £ 93ti.c(3^) satisfying that there exists a neighborhood of t in 
{^lAy)^ C*) such that for each u£n, Jkcr(G^) = anrf dimc(LS(W/,^(C))) = dinic(LS(i^/>(C))). 

(5) Let E be the set of t £ 9Jti,c(3^) satisfying that for each ip £ G(C), there exists a neighborhood 
fl of T in {VJliAy),0) such that (a) for each v £ il, Jkor(Gjy) — 0, and (b) the map 
V ^ i^v{'-p) £ (G(C), II • I loo) defined on 17 is continuous at t. 

Then, A = B = C = D = E. 

We now present a result on bifurcation of dynamics of Gt and M^. regarding a continuous 
family of measures r. 

Theorem 3.25. Let y be a subset o/Rat+ satisfying condition (*). For each t £ [0,1], let fit be 
an element of dJti^dy)- Suppose that all of the following conditions (l)-(4) hold. 

(1) t ^ lit £ (9^1, c(3^), O) is continuous on [0, 1]. 

(2) Lfti,t2 £ [0, 1] and ti < t2, then F^^^ C int(r^j^) with respect to the topology ofy. 

(3) int(r^p) ^ with respect to the topology ofy and _F(Gpj) 0. 

(4) tt(Min(G^„,C)) ^tt(Min(G^,,C)). 

Let B :^ {t £ [0,1) | there exists a bifurcation element g £ T^^ forT^^}. Then, we have the 
following. 

(a) For each t £ [0, 1], Jkcr(G^j) — and (jJ(Gpj) > 3, and all .statements in '29', Theorem 3.15] 
(with T — fit) hold. 

(b) We have 

1 < P < tt(Min(G^„,C)) -tt(Min(G^,,C)) < oo. 

Moreover, for each t £ B , fit is not mean stable. Furthermore, for each t £ [0, 1) \ B , fit is 
mean stable. 
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(c) For each s G (0, 1] there exists a Humberts £ (0, s) such that for each t G [is, s], jl(Min(G'pj , C)) = 
tt(Min(G^^,C)). 

Example 3.26. Let c be a point in the interior of the Mandelbrot set M-. Suppose z i-^ z'^ + c is 
hyperbolic. Let rp > be a small number. Let ri > be a large number such that D{c, ri) n (C \ 
M) ^ 0. For each t G [0, 1], let G 9^1 (^'(c, (1 — t)ro + tri)) be the normahzed 2-dimensional 
Lebesgue measure on D{c,{l~t)ro+tri). Then {Mt}tg[o,i] satisfies the conditions (l)-(4) in 
Theorem [221] (for example, 2 = tJ(Min(G^„ , C)) > tJ(Min(G'^, , C)) = 1). Thus 

G [0, 1] I there exists a bifurcation element g e F^^ for F^^}) = 1. 
3.2 Spectral properties of M^- and stability 

In this subsection, we present some results on spectral properties of Mr acting on the space 
of Holder continuous functions on C and the stability. The proofs of the results are given in 
subsection 15.21 

Definition 3.27. Let K G Cpt(C). For each a G (0, 1), let 

C°'{K) := {ip G C{K) I sup^ y^j^ ,^^y \f{x) — (p{y)\ / d{x , y)" < oo} be the Banach space of all 
complex- valued a-Holder continuous functions on K endowed with the a-Holder norm || • 
where \\ip\\a := sup^g^ \f{z)\+sup^,yeK,x=iy \v>ix) ~ fiy)\/d{x,y)°' for each ip G C"{K). 

Theorem 3.28. Let t G 9Jti.c(Rat). Suppose that Jkcr(Gr) = and J{Gr) ^ 0. Then, there exists 
an ao > such that for each a G (0, ao); LS(Z///^r (C)) C C"(C). Moreover, for each a G (0, ao); 
there exists a constant Ea > such that for each ip G C"(C), ||7rr(<^)||a < £'a|ivlioo- Furthermore, 
for each a G (0, ao) and for each L G Min(Gr, C), T^^t G C"(C). 

If T G 9ni^c(R.at) is mean stable and J{Gr) 7^ 0, then by [IHl Proposition 3.65], we have 
Sr C F{Gt) (see Definition I2.25p . From this point of view, we consider the situation that r G 
OTi^c(R-at) satisfies JkaiGr) = 0, J{Gr) ^ 0, and Sr C F{Gr)- Under this situation, we have 
several very strong results. Note that there exists an example of r G dJli,c{V) with '^Tr < 00 such 
that Jkcr(Gr) = 0, J{Gr) ^ 0, S'r C F{Gr), and r is not mean stable (see Example 16. 3p . 

Theorem 3.29 (Cooperation Principle VI: Exponential rate of convergence). Let r G 3Jli_c(R.at). 
Suppose thatJkc,{Gr) = 0, J(G^) ^ 0, and Sr C F{Gr). Letr := nLGMin(G^,C) dimc(LS(^Y/,^(L))). 
Then, there exists a constant a G (0, 1), a constant X G (0, 1), and a constant G > such that for 
each ip G G"(C), we have all of the following. 

(1) ||A/;-(^) - nr{v)\U < CX"\\ip - 7rr((^)||a for each n G N. 

(2) \M:^{p - 7r^(¥'))|U < C'A"||(p - 7r^(¥')|U !or each n G N. 

(3) ||Af;'((p - i^r{'^))\\cc < CX''\\ip\\c for each neN. 

(4) |kr(^)||a <G||^||„. 

We now consider the spectrum Spec„(A/^) of Mr : G"(C) -> G"(C). By Theorem [S2H1 
Uv,r{C) C Spec^(AfT-) for some a G (0,1). From Theorem 13.291 we can show that the distance 
between Uy^ri'C) and Spec^(MT-) \ Ui,,r{C) is positive. 

Theorem 3.30. Under the assumptions of Theorem \3. 291 we have all of the following. 

(1) Spec„(Af^) C {z G C I |z| < A} U Uy,r{C), where X G (0,1) denotes the constant in Theo- 
rem\KM 
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(2) Lei C G C \ ({z G C I \z\ < A} U W„,^(C)). Then, {(I ~ Mr)'^ ; C"(C) C"(C) is equal to 

ri=0 ^ 

where I denotes the identity on C"(C). 

Combining Theorem 13.301 and perturbation theory for linear operators (}16|). we obtain the 
fohowing. In particular, as we remarked in Remark 11.141 '^'^ obtain complex analogues of the 
Takagi function. 

Theorem 3.31. Let m G N with m > 2. Let hi, . . . , hm S Rat. Let G = {hi, . . . , hm)- Suppose 
that Jkcr(G) = 0, J(G) ^ and ULeMin(GX) ^ ^ ^(G)- Let W™ {(ai,...,a™) G (0,1)" | 
Z^Jli o.j = 1} = {(ai, . . . ,a.m_i) G (0, 1)™^^ I aj" < !}• -^o'' eac/i a = (ai, . . . ,am) G VK™, 

Zet Ta := X^JLi ^i^/ij G S!Jli^c(Rat). Then we have all of the following. 

(1) For each b G W™, t/iere ea;ists an a G (0,1) suc/i i/iai a ^ (tt^^ : C"(C) C"(C)) G 
L(C"(C)), where L(C"(C)) denotes the Banach space of bounded linear operators on C"(C) 
endowed with the operator norm, is real-analytic in an open neighborhood of b in Wm. 

(2) Let L G Min(G,C). Then, for each b G Wm, there exists an a G (0,1) such that the map 
a Tl,t„ G (G"(C), |j-||a) is real-analytic in an open neighborhood ofb in Wm- Moreover, the 
map a i— ?■ T^Tc, G (G(C), || • ||oo) is real-analytic in Wm- In particular, for each z G C, the map 
a T^^Tai^) real-analytic in Wm- Furthermore, for any multi-index n — (rii, . . . , nm-i) G 
(N U {0})"-i and for any b G W™, the function z ^ [(gf^)"i • • • (^^)«"-i (Tl,,„ (z))] U=b 

belongs to Cp(^Q-){C). 

(3) Let L G Min(G,C) and let b G W„i. Lor each i = 1, ... ,m — 1 and for each z € C, let 
^i,b{z) := [-£-iTL,rAz))]\a=b and let Ci.b(^) TL,Tt{hi{z)) ~ TL^^^{hm{z)). Then, ipi^^ is 

the unique solution of the functional equation (/ — Mr^){'ip) — Ci.bii'ls^^ 0,^' G G(C), 
where I denotes the identity map. Moreover, there exists a number a G (0, 1) such that 
V-^fc = EZo M?SC^,b) m (G"(C), II • lU). 

We now present a result on the non-differentiability of ipi^b at points in J{Gt). In order to do 
that, we need several definitions and notations. 

Definition 3.32. For a rational semigroup G, we set P{G) := UgGci critical values of <? : C — > C} 
where the closure is taken in C. This is called the postcritical set of G. We say that a rational semi- 
group G is hyperbolic if P{G) C F{G). For a polynomial semigroup G, we set P*(G) := P(G)\{oo}. 
For a polynomial semigroup G, we set K(G) := {z G C | G(z) is bounded in C}. Moreover, for 
each polynomial h, we set K{h) := K{{h)). 

Remark 3.33. Let T G Cpt(Rat+) and suppose that (F) is hyperbolic and Jkor((r)) = 0- Then 
by 29, Propositions 3.63, 3.65], there exists an neighborhood W of F in Cpt(Rat) such that for 
each F' G U, F' is mean stable, Jkcr((F')) = 0, J((r')) ^ and ULeMin((r'>,c) ^ ^ -^'((r'))- 

Definition 3.34. Let m G N. Let h — {hi, . . . , km) G (Rat)™ be an element such that hi, ... , hm 
are mutually distinct. We set F := {hi, . . . , hm}- Let / : F^ x C F^ x C be the map defined 
by /(7,2/) = (cr(7),7i(y)), where 7 = (71,72,...) G F'*' and ct : F^ -j- F^ is the shift map 
((71, 72, ■ • ■) (72, 73, • ■ •))■ This map / : F'*' x C ^ F'*' x C is called the skew product associated 
with F. Let TT : F'^ X C Ff^ and tt^ : F^ x C C be the canonical projections. Let fieDJli {T^* x C) 
be an /-invariant Borel probability measure. Let Wm :~ {(ai, . . . , a,„) G (0, 1)™ | X^jli = 
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For each p — (pi, . . . ,Pm) G Wm, we define a function p : x C — > M by ^(7, y) := pj if 71 = hj 
(where 7 = (71, 72, • ■ ■)), and we set 

u[n,p,p) := -J — - — — — — - 

Jj.,,^c^og\\D{-fi)y\\, dfi{-f,y) 

(when the integral of the denominator converges), where ||i?(7i)j,||s denotes the norm of the deriva- 
tive of 7i at y with respect to the spherical metric on C. 

Definition 3.35. Let h = {hi, . . . , hm) G V"^ be an element such that hi, . . . , hm are mutually dis- 
tinct. We set F := {/ii, . . . , /i^}. For any (7, y) e F^xC, let G'^(y) ;= lim„^oo dcg(7,. 1) ^"S'^ \ln.i{y)\, 
where log^ a maxjloga, 0} for each a > 0. By the arguments in PJ], for each 7 G F^, G^{y) 
exists, G~f is subharmonic on C, and G^\a^_^ is equal to the Green's function on ^00,7 with pole 
at 00, where ^00,7 := G C | 7n.i(z) — 00 as n 00}. Moreover, (7,2/) H> G^{y) is continuous 
on F'^ X C. Let /i-y :— dd'^G^, where d'^ :— -^{d — d). Note that by the argument in [151 HI]) M7 
is a Borel probability measure on such that supp/x-y = J^. Furthermore, for each 7 G F^, let 
17(7) = G-y(c), where c runs over all critical points of 71 in C, counting multiplicities. 

Remark 3.36. Let h — {hi, . . . , h^) G (Rat+)™ be an element such that hi, ... , h^ are mutually 
distinct. Let F ~ {hi, . . . , h,n} and let / : F^ x C — > F'*^ x C be the skew product map associated 
with F. Moreover, let p = {pi, . . . ,Pm) G Wm and let r = X^Jli Pj^hj G 9}ti(F). Then, there exists 
a unique /-invariant ergodic Borel probability measure /i on F^ x C such that 7r*(/z) = f and 
ht,{f\cj) = ^^^p(.i^{T«xC):f,{p)=p,^,{p)=f^pif\^) = Ej'LiPjlog(deg(/ij)), where hp{f\a) denotes 
the relative metric entropy of (/, p) with respect to (cr, t), and €i(-) denotes the space of ergodic 
measures (see [23]). This p is called the maximal relative entropy measure for / with respect 
to (cr, f). 

Definition 3.37. Let be a non-empty open subset of C. Let if -.V ^ 'Che a. function and let 
y £V he B. point. Suppose that f is bounded around y. Then we set 



H61((/7, y) := inf{;3 G M I limsup ^-^^ ^ 00}, 

d{z,y)P 



where d denotes the spherical distance. This is called the pointwise Holder exponent of ip at 

y- 

Remark 3.38. If Y{o\{ip,y) < 1, then is non-differentiable at y. If ll6\{Lp,y) > 1, then (p is 
differcntiable at y and the derivative at y is equal to 0. 

We now present a result on the non-differentiability of '4'ifi{z) = [-^{TL.TA^))]\a=b at points 
in J{Gr). 

Theorem 3.39. Let m G N with m > 2. Let h — {hi, . . . , h^) G (Rat+)™ and we set F :— 
{hi,h2,...,h^}. LetG^ {hi,...,hm). LetWrn {(ai,...,a™) G (0,1)'" | ET=i^3 = 1} = 
{(ai, . . . ,a™_i) G (0,1)""^ I J2'^Ji 0,3 < !}• Por each a = (ai,...,a,„) G W,„, let Ta := 
J2T=iajSh, G a)ti,c(Rat). Let p = {pi,...,pm) G Wm- Let f : T^" x C ^ x C be the skew 
product associated with F. Let t := J2"liPj6h^ G 9Ki(F) C Mi{T'). Let p G mi{T^^ x C) be the 
maximal relative entropy measure for / : F^ x C — )■ F'*' x C with respect to (cr, f). Moreover, let 
A :— {7r^)t,{p) G 3Jli(C). Suppose that G is hyperbolic, and h^^{J{G)) fl hJ^{J{G)) = for each 
{i,j) with i ^ j. For each L G Min(G', C), for each i — l,...,m — 1 and for each z G C, let 
4'i,p,L{z) '.— [-^{TL,Ta{z))]\a=p- Then, we have all of the following. 

1. Gr ^ G is mean stable, Jkcr(G) = 0, and St C F{Gr). Moreover, < dim//(J(G)) < 2, 
supp A = J{G), and A({z}) ~ for each z G J{G). 
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2. Suppose UMin(G', C) =/= 1. Then there exists a Borel subset A of J{G) with \{A) = 1 such that 
for each zq G A, for each L G Min(G, C) and for each i — 1, . . . , m — 1, exactly one of the 
following (a),(b),(c) holds. 

(a) H61('0i,p,L, ^i) = Ii6l{^pi^px, Zq) < u{h,p,n) for each zi £ h^^{{zo}) U ft,„i({zo}). 

(b) }16\{iPi^p,l,zq) = u{h,p,ii) < }16\{ipi,p,L,zi) for each zi € /i~^({zo}) U ft.,7j^({zo}). 

(c) H61(i/'j,p,L,2:i) = u{h,p,^) < ll6\{i};^^p^L,zo) for each zi e h~'^{{zo}) U ^.^^({zo})- 

3. Ifh^{hi,...,h^)£ V''\ then 



u{h,p,y) 



-(EjliPjlogPj) 



EjliPi logdeg(/ij) + /pp, f}(7) (if(7) 
and 

2 > dinijf(A) = —4 , , (T. \ ^ f ni \ \ > 

where dim/f (A) := inf {dim/f (A) | A is a Borel subset ofC, X{A) — 1}. 

Suppose h — {hi, . . . ,hm) G 7^™- Moreover, suppose that at least one of the following (a), 
(b), and (c) holds: (a) X^Jli ^ogfe deg(ft,j)) > 0. (b) P*{G) is bounded in C. (c) m = 2. 
Then, u{h,p,fj,) < 1. 



4 Tools 

In this section, we introduce some fundamental tools to prove the main results. 

Let G be a rational semigroup. Then, for each g € G, g{F{G)) C F(G), J(G)) C J(G). 
If G is generated by a compact family A of Rat, then J(G) = U/ieA (this is called the 

backward self-similarity). If ttJ(G) > 3, then J(G) is a perfect set and J(G) is equal to the closure 
of the set of repelling cycles of elements of G. We set E{G) := {z G C | jj Ugec < °°}- 1^ 

tJJ(G) > 3, then ^E{G) < 2 and for each z £ J{G) \ E{G), J{G) ^ U^eG S^Hi-^})- ^ tt^(G) > 3, 
then J(G) is the smallest set in {0 7^ if C C | i^T is compact, Vg € G,g{K) C if} with respect to 
the inclusion. For more details on these properties of rational semigroups, see [l4l [T2l [23] . 

For fundamental tools and lemmas of random complex dynamics, see [29] . 



5 Proofs 

In this section, we give the proofs of the main results. 
5.1 Proofs of results in 13.11 

In this subsection, we give the proofs of the results in subsection 13.11 We need several lemmas. 

Definition 5.1. Let IF be an open subset of C with ji(C \ 11^) > 3 and let g : I^ ^ be a 
holomorphic map. Let {Wj}j£j = Con(M^). For each connected component Wj of W, we take the 
hyperbolic metric pj. For each z £ W, we denote by ||D(72||;i the norm of the derivative of g at 2: 
which is measured from the hyperbolic metric on the component Wi-^ of W containing z to that on 
the component Wi^ of W containing g{z). Moreover, for each subset L of W and for each r > 0, 
we set dii{L, r) Ujejl-^ ^ I '^Pi ^ ^i) < where dp- (z, L n Wj) denotes the distance 
from z to L n Wj with respect to the hyperbolic distance on Wj. Similarly, for each z £ W, we 
denote by HDg^Hs the norm of the derivative of g at z with respect to the spherical metric on C. 
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Lemma 5.2. Let T € Cpt(Rat) and let G = (T). Let L G Min(G, C) be attracting for (G, C). Let 

U,V he as in Definition \3.4\ Let W := UAGCon(_F(G)) AnL^ii^ ^'^^ relative compact 

open subset of W including L. Then there exists an open neighborhood lA of T in Cpt(Rat) such 
that both of the following hold. 

(1) For each G U, there exists a unique L' G Min((r2'), C) with L' C W . 

(2) The above L' is attracting for ((r2'),C). 

Proof. Let {W^jjj^i — Con{W). For each connected component Wj, we take the hyperbohc metric 
Pj. Let dp. be the distance on Wj induced by pj. For each r > 0, we set dfi{L,r) := [Jj^i{z G 
W I dp^ {z, L n Wj) < r}. Let {U, V, n) be as in Definition [331 Then V nW C VTTW CUnW C 
U nW C F{G) and 7„,i(C/ n W) cVnW for each 7 G F^. Thus we may assume that there exists 
a number ei G (0,1) such that for each 7 G F^, jn,i{W) G dh{L,ei) C d^(L,ei) C W. Hence, 
there exists an open neighborhood of F in Cpt(Rat) and a number 62 G (ei, 1) such that for each 
n G W and for each 7 G fi^, 



JnAW) G dh{L,e2) G dh{L,e2) G VF'. (1) 

Let f2 G Setting rj„ := {7,1 o • • • o 71 | 7^ G ri(Vj)}, we obtain that there exists an element 
Lq G Min((l]„),C) with Lq C TF'. Then, for each g G (n), g{{n){Lo)) C (f^)(io)- Taking U so 
small, we may assume that (J7)(Lo) C PF'. Hence, there exists an element L' G Min((J7),C) with 
L' G W. From (HJ, it follows that there exists no L" G Min((fJ),C) with L" ^ L' such that 
L" C W. Moreover, by ([T]) again, we obtain that L' is attracting for ((r2),C). Thus, we have 
proved our lemma. □ 

Le mma 5.3. Let F G Cpt(Rat) and let G = (F). Let L G Min(G, C) he attracting for (G, C). Then 
L — {z ^ L\3g ^G s.t. g{z) — z, \m{g,z)\ < 1}, where m{g,z) denotes the multiplier of g at z. 

Proof. Let z E L. Let U G Con(F(G)) with z eU. Let B be an open neighborhood of z in U. Since 
L G Min((ri), C) and since L is attracting, there exists an element g G G such that g{B) C B. 
Then there exists an attracting fixed point of g in B. Thus the statement of our lemma holds. □ 

Lemma 5.4. Let F G Cpt(Rat) and let G = (F). Let L G Min(G, C) be attracting for (G, C). Let 
V be a neighborhood of L in the space Cpt(C). Then there exists an open neighborhood lA of T in 
Cpt(Rat) and an open neighborhood V' of L in Cpt(Rat) with V" G V such that for each VL £U, 
there exists a unique L' G Min((i7'),C) with L' G V. Moreover, this L' is attracting for {(Q),C). 



Proof. By Lemma 15. 2[ Lemma 15.31 and Implicit function theorem, the statement of our lemma 
holds. □ 

Lemma 5.5. Let F G Cpt(Rat) and let G = (F). Let L G Min(G, C) with L C F{G). Suppose 
that for each g E G and for each U G Con(i^(G)) with U O L ^ (f) and g{U) C U , either (a) 
g G Rat_|_ and U is not a subset of a Siegel disk or a Hermann ring of g or (b) g G Aut(C) and g 
is loxodromic or parabolic. Then, L is attracting for (G, C). 

Proof. Let W :— UAeCon(_F(G)) AnL^d ^ ^^^'^ take the hyperbolic metric on each connected 
component of W. Then t)Con(tF) < 00. Moreover, from assumption (b), we obtain that if A G 
Con(VF) and if 7n,m(^) G A, then ||-D(7n,m)z < 1 for each z G A. From these arguments, it is 
easy to see that L is attracting for (G, C). □ 

Proof of Lemma 13. 7t Lemma [5.51 implies that if L C F{G) and (3) in Lemma [3.71 does not 
hold, then L is attracting. We now suppose that L n J(G) ^ 0. Let z e L D J(G). By J(G) = 
Uherh~^{J{G)) ([24l Lemma 0.2]), there exists an element 50 e F with go{z) G J(G). Then 
go{z) Gin J{G). Thus we have proved our lemma. □ 
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Lemma 5.6. Let U he a non-empty open subset of C. Let y be a closed subset of Rat. Suppose 
that y is strongly U -admissible. Let T € Cpt(3^). Let hg be an interior point ofT with respect to 
the topology in the space y. Let K G Cpt(C/). Then, there exists an e > such that for each z G K , 
{h{z) \heT}D B{hQ{z),e). 

Proof. Let w E K. Then there exists a holomorphic family {<?A}AeA of rational maps with 
UasaIs^} y ^ point Aq S A such that g\„ = hg and A gx{w) is non-constant in 
any neighborhood of Aq. By the argument principle, there exists a (5^ > 0, an > and a 
neighborhood Vw of Aq such that for any z E K f) B{w,Sw), the map : A i-> g\{z) satisfies 
that ^z(Vu,) D B{ho{z),ew)- Since K is compact, there exists a finite family {B{'Wj,5wj)}j=i 
in {B{w,Sw)}w(zK such that [Jj^iB(wj,Swj) D K. From these arguments, the statement of our 
lemma holds. □ 

We now prove Lemma l3.15l 
Proof of Lemma l3.15t Let G = (F). By Lemma [??71 we have a bifurcation element for (F, L). Let 
(7 G F be a bifurcation element for (F, L). Suppose we have g £ int(F). we consider the following two 
cases. Case (1): {L,g) satisfies condition (1) in Definition 13.91 Case (2): {L,g) satisfies condition 
(2) in Definition ElU 

We now consider Case (1). Then there exists a point z E Lf) J{G) such that g{z) e J{G). Let 
U be an open neighborhood of g in int(F). Let A {h{z) \ h G U}. Then A is an open subset of 
C and An J(G) ^ 0. It follows that G{A) = C. Since A C L, we obtain that i = C. However, this 
contradicts our assumption. Therefore, g must belong to dV. 

We now consider Case (2). Let 71, ... , 7„_i £ F, [/ be as in condition (2) in Definition 13.91 We 
set h = g o o ■ ■ ■ o ji. We may assume that [/ is a Siegel disk or Hermann ring of h. Then 
there exists a biholomorphic map C, : U B, where B is the unit disk or a round annulus, and 
a 6* e R \ Q, such that rg o( — (oh on U, where rg{z) :— e^^^^z. Let zq £ £ fl t/ be a point. 
By Lemma 15.61 it follows that there exists an open subset of C such that W C G{zo) and 
W n dU ^ 0. Therefore J{G) n int(L) ^ 0. Hence, we obtain L = C. However, this contradicts our 
assumption. Therefore, g must belong to 9F. 

Thus, we have proved Lemma 13.151 □ 

We now prove Theorem 13. 161 
Proof of Theorem I3.16t Let W be a small open neighborhood of F in U. Let F' G lA' be an 
element such that F C int(F') with respect to the topology in the space y. If U' is so small, then 
Lemma [5.41 implies that for each j = l,...,r, there exists a unique element L'^ G Min((F'), C) 
with L'^ G Vj, and this L'^ is attracting for ((F'),C). Taking W so small, the inclusion F C F' 
and Remark 12.231 implv that for each j = 1, . . . , r, L'^ is the unique element in Min((F'), C) which 
contains Lj. 

Suppose that there exists an element L' G Min((F'),C) \ {ij-jj^i- Since (F)(L') C i'. Re- 
mark [2?23] implies that there exists a minimal set K G Min((F),C) such that K C L' . Since 
Lj C L'j for each = 1, . . . r, and since L' n Uj=i ^'j ~ obtain that !<. ^ \LjYj=\- Let 5 G F 

be a bifurcation element for (F,_ft'). Then, g G int(F') and 5 is a bifurcation element for (F',L'). 
However, this contradicts Lemma [3.151 Therefore, Min((F'), C) = {L'^Y^^^. Moreover, from the 

above arguments and Remark [3T6l it follows that F' is mean stable and jl(Min((F'), C)) = r. Thus 
we have proved Theorem 13. 161 □ 

Lemma 5.7. Let F G Cpt(Rat) be mean stable and suppose J((F))) ^ 0. Then, there exists an 
open neighborhood lA of T in Cpt(Rat) with respect to the Hausdorff metric such that for each 
T' G U, (F') IS mean stable, ji(J((F'))) > 3, and ttMin((F),(C) = jJMin((F'), C). 

Proof. Since F is mean stable, Jker((r)) = 0. Combining this with that J((F)) 7^ and [IHl Theorem 
3.15-3], we obtain tt(J((F))) > 3. By [HI Theorem 3.1] and [23l Lemma 2.3(f)], the repelling cycles 
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of elements of (F) is dense in J((F)). Combining it with implicit function theorem, we obtain that 
there exists a neighborhood W of F in Cpt(Rat) such that for each F' e W , tJ('^((r'))) ^ 3. 

By PS Theorem 3.15-6], jJ(Min((F), C)) < oo. Let Sr ULeMin({r>.c) [291 Proposition 
3.65], S'r C F((F)). Let W Uap Con(F({r))).yinSr#0 notation in Definition |5JJ 

for this W. Let < £2 < ci- Since F is mean stable, there exists an n S N such that for each 
7 £ F'*^, 7n,i(d;i(S'r, ei)) C dh{Sr,e2)- Moreover, for each z S C, there exists a map £ (F) 
such that gziz) G dh{Sr, ci). Therefore, there exist finitely many points zi, . . . Zs in C and positive 
numbers Si,...,Ss such that for each j = l,...,s, gzj{B{zj,Sj)) C (i;i(S'r, ei). Let £3 G (e2,ei). 
Let I4{c W) be a small neighborhood of F in Cpt(Rat). Then for each F' G W and for each 
7 G F'^, 7„,i(d/i(5r, ei)) C (ift(5r,e3). Moreover, for each F' G W and for each z G C, there exists 
a map g^x' G (r') such that gz,T'{^) ^ '^/i('S'r, ei)- Hence, for each F' G U, V is mean stable and 
UL'GMin((r') c) ^' '~- '^hiSr, El)- Combining this with Lemma [5.21 and shrinking U if necessary, we 
obtain that for each F' G U, tt(Min((F'}, C)) = tt(Min((F}, C)). □ 

We now prove Theorem 13. 181 
Proof of Theorem I3.18t There exists a sequence {r„}^]^ in 9Jli,c(3^) with jJFr,, < oo(Vn) such 
that Tn — > T in (VJli^dy), O) as n ^> 00. Therefore, by Lemma [5.4) we may assume that (IFr < 00. 
We write r ~ J2'j=iPj^hj, where J2j=iP3 = 1j Pj > ^'^^ each j, and hj G y for each j. By 
Theorem I3.16[ enlarging the support of t, we obtain an clement p' E U such that statements (1) 
and (2) in our theorem with p being replaced by p' hold. Let p be a finite measure which is close 
enough to p' . By Lemma [?771 and Lemma [531 we obtain that this p has the desired property. Thus 
we have proved Theorem 13. 181 □ 

We now prove Theorem 13. 191 
Proof of Theorem I3.19t Let r G J^i.dy)- Since F^ is compact in V, we obtain that {00} is 
an attracting minimal set for (GrjC). By Theorem 13.181 and Lemma 15.71 the statements in our 
theorem hold. □ 

We now prove Theorem 13.201 
Proof of Theorem I3.20t Let F' G Cpt(Rat) be an element such that F C int(F') with respect 
to the topology in y. We now show the following claim. 
Claim: Min((F'),C) = {C}. 

To prove this claim, suppose this is not true. Then Min((F),C) 7^ {C}. Since there exists no 
attracting minimal set for ((F), C), it follows that there exists a bifurcation element g G F for F. 
Then g G int(F'). However, this contradicts Lemma 13.151 Thus, we have proved the claim. 

Let h G int(F') be an element and let z G J((F')) be a point which is not a critical value 
of h. Then we obtain that int((F')-i({z})) ^ 0. Therefore, K := F{{r')) is not equal to C. By 
Remark 1 2 . 2 3 1 and the above claim, it follows that K = 0. Thus J((F')) = C. Hence, we have proved 
statement (1) in our theorem. 

Statement (2) in our theorem easily follows from statement (1). □ 

We now prove CoroUarv 13.211 
Proof of Corollary [3721} Let e > be a small number. Let {/ij,e}|?;i be a dense countable subset 
of B{rr, e) with respect to the topology in 3^. Let {pj,e}JLi be a sequence of positive numbers such 
that ^J^iPj.e = 1- Let := (1 — e)r + eX)^iPj,«'^'ij €- Then F,- C int(F7.J and — r in 
{DJli^c{y),0) as e — 0. Let e > be a small number and let p := r^. By Theorem 13. 20[ this p has 
the desired property. □ 

We now prove CoroUarv 13.221 
Proof of Corollarv l3.22t Corollarv l3.22l easilv follows from Theorem l3 . 1 81 and Corollarv l3.21l □ 

Definition 5.8. Let 3^ be a closed subset of Rat. For each r G 9Jli(y) and for each n G N, let 
r" := ^J'^iT G OTi(y"). 

The following lemma is easily obtained by some fundamental observations. The proof is left to 
the readers. 
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Lemma 5.9. If Pn p in (9Jli_c(Rat'"), O) as n ^ oo and i!/t„ t in (S[)ti_c(Rat), O) asn oo, 
then Pn ®Tn^p®Tin (9Jli_c(Rat™^"'^), O) as n ^ oo. In particular, if i^^ ~> t in (9Hi_c(Rat), O) 
as k ^ oo, then -> t™ in (9Jli^c(Rat™), O) as k oo, for each m e N. 

We now prove Theorem 13.231 
Proof of Theorem 13. 23t Statement [T] follows from Lemma [5771 We now prove statements I2I3I4I 
Let r2 be a small open neighborhood of r m {dJli,c{y),0) such that for each v € VI, v \s mean 
stable, ^{J{G^)) > 3 and tJ(Min(G'^, C)) = tt(Min(G^, C))C. For each L e Min(G^,C), let Ul be 
an open neighborhood of L in Cpt(3^) such that Ul HUl' = 9 if L,L' e Min(Gr,C) and L ^ L' . 
Let L £ Min(GT, C) be an element. Let :— dimc{LS{Uf^r{L)))- For each r £ N and each v G ft, 
we set Ar^^ := {hr o ■ ■ ■ o hi \ hj e r,,(Vj)} and set Gl := (A^,^). By ^ Theorem 3.15-12], we 
have rL = jl(Min(G;^ , L)). Let {L^Y^ii = Min(G;^,C). By the proof of Lemma 5.16 in we 
may assume that for each j = 1, . . . ,ri and for each h £ F^, h{Lj) C Lj+i, where ^r^+i '■= Li- 
Moreover, by Lemma 15. 4[ shrinking il if necessary, we obtain that for each i/ G 17, there exists a 
unique Ql,!^ G Min(G,y,C) such that Ql.^ G Ul. Moreover, by Lemma [5^ again, we may assume 
that the map v Ql,!^ £ Cpt(C) is continuous on fi. For each j = 1, . . . , rL, let Vlj ■= B{Lj,e) 
(where e > is a small number) such that VL,i n Vl,j = % \i i ^ j. By Lemma [5.21 there exists a 
unique element Lj> S Min(GJ^^ , C) with Lj^i, C Vl j . By Lemma [5^ we may assume that for each 
J, the map v ^ Lj^^ is continuous on f2. Then, Lj^i^^, U/ier ^{^j,^) belongs to Min(GJ^^,C) 
and shrinking if necessary, we obtain Lj^i^y C Vl.j+i, where Vl^tl+i •= ^L.i- By the uniqueness 
statement of Lemma 15. 2[ it follows that for each j = 1, . . . , rL, we have Lj^i ^ — Lj^i jj, where 
'■= LiM- Since Ql,u ■= {JjLi^j,i^ belongs to Min(Gy,C) and Ql,u G Ul (shrinking if 
necessary), we obtain that Ql.i^ — Ql,v. From these arguments, if follows that for each v G VI, 
Min{Gl^,QL,.) = {ij,4;=i, Lj+i,, = U,,er„ HLj,u), and min{Gl\QL,u)) = rL. We now prove 
the following claim. 

Claim 1: For each v ^Vl, dimc(LS(W/,i,(QL^i/))) > r^. 

To prove this claim, let ql ■= exp(27ri/rL) and let ipi := X^jii '^l -'^ij... ^ C{Qlm). Then 

M„{4>i) = J2'^L^Lj_i^^ = «L S "L^~^''li3-i... = fliV'i, where Lo,i, := LrL,u. Hence, the above 
claim holds. 

For each ly e fl, let {A e Con{F{G^)) \ Ar\QL,u ^ 9} and let := {Jagc. '^^^ 

A ^ C^T, there exists a unique element a^^A) £ (i, such that A n ai,{A) 7^ 0. It is easy to see that 
for each v G ft, a,^ : ^ Ci' is bijective. This a^, induces a linear isomorphism : Cw^{Wi,) = 
Gw-riWr). Let ■■ Gw^{Wr) CwA^r) be the linear operator defined by ■= *^oAf^o^'-i. 
Then dimc{Gw^{Wr)) < 00 and M' {M^, : Gw^{Wr) Gw-^iWr)) is continuous. Moreover, by 
[251 Theorem 3.15-8, Theorem 3.15-1], each unitary eigenvalue of M^. : Gw^(M/V) — > Cw^{Wr) is 
simple. Therefore, taking il small enough, we obtain that the dimension of the space of finite 
linear combinations of unitary eigenvectors of : Gw^{Wr) — > Gw^{Wr) is less than or equal 
to rL- Combining this with Claim 1 and |29j Theorem 3.15-10, Theorem 3.15-1], we obtain that 
statement H] of our theorem holds. By these arguments, statements 12131 l4l hold. 

We now prove statement |5| of our theorem. For each L e Min(Gr,C) and each i = 1,. . . ,rL, 
we set i;L,i = Ejiioi^li, G C{L). Then MriipL,t) = aliPL,t. By [291 Theorem 3.15-9], there 
exists a unique element ipL,i G G(C) such that (pL,i\L = '>pL,i, such that 'PL,i\L' = for any 
L' G Min(Gr,C) with L' ^ L, and such that Mr{^pL,i) — a\fL,i. Similarly, by using the notation 
in the previous arguments, for each v £ fl, for each L G Min(Gr,C), and for each i = 1, . . . ,rL, 
we set il!L,iM '■= X^jii ^^L^Lj_^ G G(Ql,i/)- By [29^ Theorem 3.15-9], there exists a unique element 
'PL.i.i' G G(C) such that LpL,i,i^\QL „ — '^L,i,v, such that tpL,i,v\Q' ~ for any Q' G Min(Gy,C) with 
Q' 7^ Ql.u, and such that M^{ipL.i,u) = (I^L'^L.i,u- By statement |4| of our theorem, it follows that 

WL,^,AL<^Min{G^,t),^=l,...,r^ IS & basis of LS(W/^^ (C)) . 

Let L G Min(Gr, C) and let i = 1, . . . , r^. We now prove that v n> fL,i,u G G(C) is continuous 
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on n. For simplicity, we prove that i/ i— >■ (pL.i,!^ G C{C) is continuous at t/ = t. In order to do that, 
let Aj be a relative compact open subset of C such that each connected component of Aj intersects 
Lj, such that for each i/ Q fl, Lj^^ C Aj C Aj C F{G,y), such that (pL,i,iy\Aj = o^, and such that 
{AjYj'i^ arc mutually disjoint. For each j — 1, . . . , r^, let A'j be an open subset of Aj such that 
Lj C A'j C A^- C Aj. Then there exists a number s S N and a neighborhood fl' of r in (ajli,c(3^), C*) 
such that for each j = 1, . . . , rj^, for each v G fi', and for each 7 G F^, 7^ C A^-. Moreover, for 

each K G Min(G^, C) with K L, let Bx and B'j^ be two open subsets of C such that K C B'j^ C 
i?^ C Bk C -Ba' C F{Gr) and such that each connected component of Bk intersects K. Then 
shrinking ft' if necessary, there exists a number s/j- e N such that for each v G il' and for each 7 e 
F^, 7^,^,i(Ba') C B^. We may assume that sr = s for each K e Min(Gr,C). Let C := U^f^i U 

UA:eMin(G^,C) ^K- ^hcu for each z e C, lim„_^oo /Rat" lc(7n,i(^))'^7'(7) = 1- Let e e (0,1) be a 
small number. Let z g C. Then there exists a number G N such that r'^ ({(71, . . . , 7;^) G Rat'^ | 
7iz • • 'Til-z) 6 C*}) > 1 ~ £• Hence there exists a compact disk neighborhood of z such that 
t'-({(7i, . . . ,7iJ G Rat''^ I 7i^ • • -71(1/2) C C}) > 1 - 2e. Let {zfe}*^.^;^ be a finite subset of C such 
that C — ljfc=i f^zfc- We may assume that there exists an Z G N such that for each k = 1, . . . 
Iz^ — I- Taking 51' so small, we obtain that for each 1/ £ ft' and for each k — 1, . . . ,t, 

^^'({(71, . . . ,70 e Rat' I 7r • • 71 (^^^.J C C}) > 1 - 3e. (2) 

For each k — l...,t and for each j — l,...,ri, we set Bkj {(71, . . . , 7saii) G Rat'*''^' | 
JsrLi • " •7i(t/zfc) C Aj}. We may assume that r^^^^dBkj) = for each k,j. By Lemma [5^ taking 
n' so small, we obtain that for each 1/ G 51', for each k — 1, . . . ,t, and for each j — 1, . . . ,rL, 



--'(i?,,,)-r--'(i?fe,,)|<e. (3) 



Let z G C and let u G {1, . . . , be such that z G C/^^^ . Then for each G 51' and each j = 1, . . . , r^, 
since VL,i,i^ G C'f(g„))(*C) ([HI Theorem 3.15-1]), we obtain that 

'PL,i,y{z) = M^''^\ipL^i^^){z) = / '^L,i.i.(7sri,i,l(^:))rfj^(7) 

= / 'PL.i,u{jsrLl,l{z}}dl'{j) + / '^L,i.i/(7sri,i,l(2))rf^'(7) 

J{7eRat«|7, ,,i(C/,„)CC} "'{7eRat"|7, i,i(;7,„)(Z:C} 



',5L,i:.t'(7sri,i,i(z))di>(7). 

7eRat^|7„^,.i(;7,„)2:C} 



Combining this equation and ([2]), ([3]), we obtain \^PL,i,i^{z) — fLsiz)] < e + 3e-2 = (r^ +6)e. 

Therefore, ^L,i,u ~^ fL,i in C'(C) as v t. From these arguments, we obtain that ly h- !■ (pL,i,i^ is 
continuous on 51. 

In order to construct {pL.i,^} in statement [5] of our theorem, let L G Min(G'r,C). By the proof 
of Lemma 5.16 in [33], for each j = 1, . . . , r^, there exists an element lu^j G 9Jli(Lj) such that for 
each (fi G C{Lj), M^^''{(p) ujL,j{(p) ■ 1^. in C{Lj) as n — > cxd. We now prove the following claim. 

Claim 2. For each ip G C(A~), M;""'^((^) ^> wlj((^)1^ in C(A~) asn^oo. 

To prove this claim, let G C(Aj). Since Aj C F{Gt), {M"*''^ ((^)}„gN is uniformly bounded 
and equicontinuous on Aj. Let z G be any point. Let Dz G Con(i^(GT-)) with z G Dz and let 
ui G LjHDz be a point. By [2^1 Theorem 3.15-4], for f-a.e. 7 G Rat^, <i(7„sri,,i(^)j 7nsri,,i(^)) ~^ ^ 
as n — 00. Therefore, |M"'"'^ ((/j)(z) — M"'"'^((/3)(w)| ^ as n ^ 00. From these arguments, it 
follows that there exists a constant function ^ : M such that Ml^"'^ ^ {ip) ^ ^ in C{Aj) as 

n ^ OQ. Thus, we have proved Claim 2. 

By using the arguments similar to the above, we obtain that for each G 51 and for each 
j = 1, . . . , TL, there exists an element i^L,j.v G ')Xfii{Aj) such that for each Lp G C{Lj^u), M™'^ {if) — > 
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^L,j,v{'-p)^Lj,^ in C{Lj,u) as n — >• oo, and such that for each G C{Aj), M^^'^^{ip) u}L,j,v{'p)^A~ 
in C{Aj) as n ^ cxd. Since Lj ^, is the unique minimal set for {G^'^,Aj) and Lj^^, is attracting for 
(GJ^^jC), we obtain snpp uJL.j,^ = Lj^^. For each i/ € fi, for each L G Min(G'T-,C) and for each 
i = l,...,ri, let pl,,,u := 77 aZ'^'^i j.^^ ^ '^i^Y ^ C{t)*. Then by the proofs of Lem- 

mas 5.16 and 5.14 from [29], we obtain that M*{pL^i^^) = a]^pL.i,iJ7 that pL,i,iy{'PL.j,u) — ^ij, that 
PL,i,v{'PL\],u) = if L =^ L', that {pL,iAc{QL.u) | « = 1, • • • , ^l} is a basis of LS(W/,^,*(Ql,^)), 
that {pls,v I L e Min(G7-, C), i = l,...,rL} is a basis of LS(W/^i/^*(C)), and that 71,^(1^9) = 
ELeMi„(G,X) Elii PL,»,,.(<p) • ¥'-L,<,>^ for each G G(C). 

We now prove that for each L G Min(Gi-, C) and for each 1 = 1,..., r^, the map v ^ PL,i,i> G 
C(C)* is continuous on £7. For simplicity, we prove that v 1— PL,i,i/ G G(C)* is continuous at = t. 
Let LP G G(Z^). Let e > 0. Then there exists an n G N such that [|M"'*''^ (tp) - UL,j{'p)\--A-\\ao < e, 
where HV'lloo '■— sup^^^ 1-0(2)1 for each -ip G C{Aj). If Q,' is a small open neighborhood of r 
in (OTi,c(3^),C'), then for each G 9.', ||M^'"~^((^) - M;""^^ ((^)||oo < e. Hence, for each v G 
|iM^"'-^(V3)-a;Lj(<y9)l^||oo < 2e. Therefore, for each G and for each Z G N, WMl^"-^ {M-^"-"^ {ip)- 

cjij((^)l^)|U < 2e. Thus, ||My+"^^"^((p) - wl,,((^)1^||oo < 2e. Moreover, ^4'+"^^"^ ((^) ^ 
'^L.j>(</')1^ in C{Aj) as Z — > cxd. Hence, we obtain that for each v G 51', |cjL^jy.j(iy9) —LJL.j{'p)\ < 2e. 
From these arguments, it follows that the map v i-> ojlj.l' G C{Aj)* C G(C)* is continuous at 
h' — T. Therefore, for each L G Min(Gi-, C) and for each i — 1, . . . , r^, the map v n> pL,i.iy G G(C)* 
is continuous at = r. Thus, for each L G Min(Gr,C) and for each i = l,...,ri, the map 
v I— >■ pL,iM G G(C)* is continuous on 57. Hence, we have proved statement [S] of our theorem. 

We now prove statement |6] of our theorem. For each L G Min(Gr, C), let Vl be an open subset 
of F{Gr) with L C Vl such that for each L,L' G Min(G^,C) with L ^ L', n "V^T = 0. By 
statement [5] and Lemma[nHl for each L G Min(Gr, C), there exists a continuous map ly n- Ql.^ G 
Cpt(C) on n with respect to the HausdorfF metric such that Ql,t = L, such that for each v ^ ft, 
{Ql,i^} L^Min{G-r C) ~ Min(Gi,,C), and such that for each G 57 and for each L G Min(Gr,C), 
Qlm C Vl- For each L G Min(Gr,C), let (^l : C — > [0,1] be a continuous function such that 
iPlWl = 1 and lpl\v^, = for each L' G Min(G^,C) with L' 7^ L. By [Ml Theorem 3.15-15], it 
follows that for each z G C and for each G 57, Tq^ ^m{z) — lim„^oo M"{(pl){z). Combining this 
with [23 Theorem 3.14], we obtain Tq^ ^^^ = lim„^oc M^{p>l) in (G(C), || • ||oo)- By [H Theorem 
3.15-6,8,9], for each G 57 there exists a number r G N such that for each G LS(W/^^(C)), 
M;(V') = ip. Therefore, for each G 57 and for each L G Min(Gr, C), Tg^^,^ = lim„^oo MJ^''{ipl) = 
lim„_i.oo M"^'{ipL — T^vi^PL) + T^vi^L)) = 7'',y(<y5L)- Combining this with statement [S] of our theorem, 
it follows that for each L G Min(Gr, C), the map v ^ Tqj^ G (G(C), || • ||oo) is continuous on 57. 
Thus, we have proved statement [B] of our theorem. 

Hence, we have proved Theorem 13. 231 □ 

We now prove Theorem 13.241 
Proof of Theorem [3T241 It is trivial that B C G. By Theorem [3^ we obtain that A C B 
and j4 G -D. In order to show G C ^, let r G G. If there exists a non-attracting minimal set for 
(Gt,C), then by Theorem 13.161 and Corollary I3.21[ we obtain a contradiction. Hence, C C A. 
Therefore, we obtain A ^ B C. In order to show D C A, let t e D. By 29, Theorem 3.15-10], 
we have dimc(LS(W/,r (C)) = J2LeMin{G^ C) dimc(LS(W/,7-(i))). By Corollarv l3.21[ there exists an 
attracting minimal set for (Gt,C). Theorem 13.161 implies that if 57 is a small neighborhood of r 
in (2Tti j,(3^), O), then for each z/ G 57 and for each attracting minimal set L for (Gt-,C), there 
exists a unique attracting minimal set Ql,^ for {G^,C) which is close to L. By [551 Theorem 
3.15-12] and the arguments in the proof of Theorem 13.231 it follows that if 57 is small enough, 
then for each z/ G 57 and for each attracting minimal set L for (Gr,C), dimc(LS(W/.y (Ql.i/))) = 



Cooperation principle in random complex dynamics 



28 



dimciLS {Uf,r{L))). Combining this, Theorem 13.181 and '29', Theorem 3.15-10], we obtain that if 
there exists a non-attracting minimal set L' for (Gt,C), then there exists a ly' € fl such that 
dimc(LS(W/,^'(C))) < dimc(LS(Z-//_T-(C))). However, this contradicts t £ D. Therefore, we obtain 
that each element L e Min(Gi-,C) is attracting for (Gr,C). By Remark |3.6[ it fohows that t £ A. 
Therefore, D C A. 

From these arguments, we obtain A = B = C = D. 

By Theorem 13.231 we obtain that A C E. In order to show E C A, let t £ E. Suppose that 
there exists a non-attracting minimal set K for (G^, C). Since there exists a neighborhood ft' of r 
such that each i/ £ il' satisfies Jkcr(Giy) — 0, Corollarv l3. 211 implies that there exists an attracting 
minimal set for (Gr,C). Moreover, since Jkcr(Gr) — and jJ(J(Gr)) > 3, [IHl Theorem 3.15-6] 
implies that jJ(Min(G^, C))£ < oo. Let e := min{£i(z, w) \ z £ K,w e L, L € Min(G7., C), L K} > 
0. Let ip e G(C) be an element such that (p\k = 1 and 'p\c\b(k e/2) = ^- Then by [29l Theorem 
3.15-13], TTr{^) 7^ 0. Since t £ E, there exists an open neighborhood $7 of r such that for each 
i> £ fl, Jkcr(Gi/) — and such that the map v ^ £ G(C) defined on D, is continuous at r. By 

Theorem 13.181 for each neighborhood Z// of r in {DJli^dy), O), there exists an element p £ U Ci A 
such that each minimal set for (Gp,C) is included in C \ B{K,e/2). Therefore, by [29, Theorem 
3.15-2], TTp{ip) — 0. However, this contradicts that the map v i— TT,^{ip) £ C{C) is continuous at t 
and that TTr{ip) ^ 0. Thus, each element of Min(Gr,C) is attracting for (Gi-,C). By Remark 13.61 
it follows that t £ A. Hence, we have proved E C A. 

Thus, we have proved Theorem 13.241 □ 

To prove Theorem 13.251 we need the following. 

Lemma 5.10. Let y be a subset o/ Rat+ satisfying condition (*). For each t £ [0,1]. let fj,t be 
an element ofdJli^dy)- Suppose that all conditions (1)(2)(3) in Theorem \S .25\ are satisfied. Then, 
statements (a) and (c) in Theorem \3.25\ hold. Moreover, ttMin(G^j , C) < oo for each t £ [0, 1]. 

Proof. Since F{G^d) ^ and G^^ C G^^ for each t £ [0, 1], we obtain that F{Gf_,J ^ 0. Moreover, 
we have that for each t £ [0,1], int(r^J 7^ in the topology of y. Therefore, |29l Lemma 5.34] 
implies that for each t £ [0, 1], Jker(G^J = 0. Moreover, since y C Rat+, we have that for each 
t £ [0, 1], ttJ(G^J > 3. Thus, by ^ Theorem 3.15], it follows that for each t £ [0, 1], all statements 
(with r = ) in [111 Theorem 3.15] hold. In particular, tt(Min(Gp, , C)) < 00 for each t £ [0, 1], 
and statement (a) of Theorem 13.251 holds. 

To show that statement (c) of Theorem 13.251 it suffices to show that there exists an element 
u £ [0, 1) such that for each t £ [u, 1], tl(Min(G^, , C)) = |l(Min(G^i , C)). In order to show it, we 
first note that by Zorn's lemma, we have 

tt(Min(G^, , C)) > tt(Min(G^, , C)) for each i e [0, 1] . (4) 

Let {LjY-^^ = Min(G^i,C), where ^ Lj for each {i,j) with i ^ j. Since Jkcr(G^i) = 0, there 
exists an element wj £ Lj D i^(G^j) for each j = 1, . . . r. Let e > be a small number such that 
W := [J^j^iB{wj,e) C F(Gpj). Then for each z £ C, there exists an element gz £ G^^ and a 
neighborhood Vz of z in C such that gz(Vz) C W. Since C is compact, there exist finitely many 
points zi, . . . z„ £ C such that C — Uj=i ■ Then there exists an element u £ [0, 1) such that for 
each j = 1, . . . , n and for each t £ [u, 1], there exists an element gzj,t G G^^ with gzj,t{Vj) C W. 
Moreover, we have G^^ C G^^ and F(G^J C F{Gf_n) for each t £ [u, 1]. Applying Theorem 
3.15-4] (with T = fj,t,t £ [u, 1]), it follows that for each t £ [u, 1] and for each L £ Min(G^j , C), there 
exists a unique element L' £ Min(G^, , C) with L C L'. Therefore tt(Min(G^, , C)) < tt(Min(G^i , C)) 
for each t £ [u,l]. Combining it with (g]), we obtain tl(Min(G^j , C)) = tt(Min(G^i , C)) for each 
t £ [u, 1]. Thus we have proved our lemma. □ 



We now prove Theorem 13.251 
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Proof of Theorem l3.25t By Lemma lS.lOl statement (a) of our theorem holds and tl(Mm(G'pj , C)) < 
00 for each t G [0, 1]. 

We now prove statement (b). By Lemma lXTl and Remark [3.61 we obtain that for each t ^ B, fit is 
not mean stable, and that for each t G [0, 1) fJ-t is mean stable. Combining this with assumption 
(4) and Lemma [5.7[ we obtain that B ^ %. We now let ^1,^2 G [0,1] be such that ti < t2- By 
assumption (2) and Remark [2.23[ for each L E Min(G'^j^ , C), there exists an L' € Min(G^j^ , C) with 

L' C L. In particular, 00 > tt(Min(G^,^ , C)) > tt(Min(G'^,^ , C)). We now let to e [0, 1) be such that 
there exists a bifurcation element g £ F^j^ for F^^^ . Let t G [0,1] with t > tg. Then F^^^ C int(F^j). 

By the above argument and Lemma [3. 15) it follows that tt(Min(G^j^ , C)) > tt(Min(Gpj , C)). From 
these arguments, it follows that 1 < tt-B < jJ(Min(G^o , C)) - tJ(Min(Gpi , C)) < 00. 

Thus, we have proved Theorem 13.251 □ 



5.2 Proofs of results in EH 

In this subsection, we give the proofs of the results in subsection 13.21 

We now prove Theorem 13.281 
Proof of Theorem I3.28t By [29l Theorem 3.15-6,8,9], there exists an r G N such that for each 
(f G LS(W/_t(C)), M^{^p) — If. Since Jkor(Gr) = 0, for each z G C, there exists a map gz G Gr and 
a compact disk neighborhood Uz of 2: in C such that gz{Uz) C F{Gr)- Since C is compact, there 
exists a finite family {zjY^^i in C such that Uj=i ) = Since Gt{F{Gt)) C F{Gt), we 

may assume that for each j = 1, . . . , s, there exists an element f3^ = . . . , /3^) G F^ such that 
9z = ■ Pi- For each = 1 , . . . , s, let 1/, be a compact neighborhood of (3^ in T"^^ such that for 
each C = (Ci, ■■■Xr)(^ Vj, Cr ■ --UUz,) C F{Gr). Let a := max{r'-(F; \ F,) | j = 1, . . . ,s} G [0, 1). 
Let Gi max{max{||i:'(Cr • • • Ci)z||s | (Ci, • ■ • , Cr) e F!;, z G C}, 1} > 1. Let a G [0, 1) be a number 
such that aGf < 1. Let G2 > be a number such that for each z G C, there exists a j G {1, . . . , s} 
with B{z,G2) C mt{Uz^)- Let (p G LS(W/,r(C)). Let zo,z eC be two points. If d(z,zo) > C'f^G2, 
then 

\cp{z) - cpizo)\/diz,zor < 2M\oo ■ {CiG^Y- 

We now suppose that there exists an n G N such that Gj~"~^G2 < d{z,zo) < Gj~"G2. Then, for 
each j G N with 1 < j < n and for each (71, ... , jrj) G T^^ , d{jrj ■ ■ ■ Ji{z),jrj ■ ■ ■ li{zo)) < G2. Let 
io G {1, . . . , s} be a number such that B{zo, G2) C Uz^^ . Let A{0) := {7 G F^ | (71, . . . , 7^) G Vi^} 
and B{0) {7 G F^ | (71, . . . , 7r) ^ Vi^}. Inductively, for each j = 1, . . . , n - 1, let A{j) {7 G 
BU - 1) I 3i s.t. B(7,j-i(zo),G2) C Uz„i-/rj+i,...,lrj+r) G V,} and B{j) -.^ B{j ~ 1) \ A{j). 
Then for each j = 1, . . . ,n - 1, f{B{i)) < af{B{j - 1)). Therefore, f{B{n - 1)) < a". Moreover, 
we have F^ = U"ro B B{n - 1). Furthermore, by [23 Theorem 3.15-1], G Gi.(G,)(C). Thus, 
we obtain that 

|(p(z) - ^(zo)| = |Af;"(^)(z) - m;"(^)(zo)| 

n— 1 „ „ 
<iy] / -^(7^,1(2)) - ¥'(7rn,l(^o))rfT(7)| + I / (/3(7™,i(z)) - (^(7™,i(zo))df(7)l 

j=0 -^^W) JB{n-l) 

< / lv'(7™,i(2)) - '/3(7™,i(^o))|dT(7) 

JB(n-l) 

<2a"||^||oo < a"(Gr+V2-i)"d(z,zo)"2||^||oo < Gf G2-"2||(^||oorf(z, zq)" . 

From these arguments, it follows that (p belongs to G"(C). 

Let {pj}j^i be a basis of LS(W/^r,*(C)) and let {'Pj}j=i be a basis of LS(W/,r(C)) such that for 
each 7/- G G(C), ^,(^) = ^1=1 PjW<^j- Then for each ^ G G(C), jk^WHa < Ej=i IPjWI ll^.lla < 
iJ2j=i l|Pjlloo||¥'il|a)||'0l|oo, where \\pj\\oo denotes the operator norm of pj : (G(C), || • jjoc) ^ C. 
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We now let L e Mm{Gr,C) and let a £ (0,ao)- By [H Theorem 3.15-15], T^,^ 6 LS{Uf^r{C)). 
Thus Tl,^ e C"(C). 

Thus, we have proved Theorem 13.281 □ 

In order to prove Theorem 13.291 we need several lemmas. Let r e 93ti,c(R.at). Suppose 
Jker(GT-) = and ft J(G^) > 3. Then all statements in [29l Theorem 3.15] hold. Let L £ Min(G'^, C) 
and let := dimc(LS(W/_r (i)))- By using the notation in the proof of Theorem l3.231 by [521 The- 
orem 3.15-12], we have tl = tJ(Min(G';^ , L)). 

Lemma 5.11. Let r G OTi,c(Rat). Suppose Jkcr(G^) = arid iJ{Gr) > 3. Let L G Min(G^,C) 
and Zet := dimc(LS(i^/>(L))). Let {LjY-^^ = Min(G;^,L). For each j, let {A^},^!, be the set 
{A G Con(i^(Gr)) \ An Lj ^ 0}. Let Wl.j Uig/ -^"^ '^'^'^^ * ^ -^i' ^"^'^ ^'^'^ hyperbolic 
metric in Ai. Then, there exists an m G N with r^jm such that for each j and for each a G (0, 1), 
siiPie/, /Rat« sup^eA,{P(7m4)^ll^}^^(7) < 1- 

Proof. For each z G dW^j, there exists a map G Gr and an open disk neighborhood of z such 
that gz{Uz) C Wlj. Then there exists a finite family {z/};^i such that OWlj C 1J/=i ^z,- Since 
G^^ {WL.j) C Wl.j, we may assume that there exists a /c G N with r^jA: and a finite family {a' = 
(a'l, . . . , a'j,) G ^rYi^i such that for each I = 1, . . . ,t, g^^ = a^ - ■ -al- Let iCo := \U'=i ^^i) ^ 

ULi5zi(C^zi) and let be the set {A G Con(F(Gr)) | A n iiTo ^ 0}. By [291 Theorem 

3.15-4], for each v ~ 1, . . .u, there exists an element hy G Gr such that sup^g^^^p^^ ||I?(/iu)2 < 1. 
We may assume that for each v, hy is a product of fc-elements of Tr- Let m = 2k. Then this m is 
the desired number. □ 

Lemma 5.12. Let A G Cpt(Rat) and let G = (A). Suppose that jJ(J(G)) > 3. For each element 
A G Con(_F(G)), we take the hyperbolic metric in A. Let K be a compact subset of F[G). Then, there 
exists a positive constant Ck such that for each g G G and for each z £ K, \\Dgz\\s/\\Dgz\\h < Ck- 

Proof. By conjugating G by an element of Aut(C), we may assume that oo G J{G). For each 
U G Con(F(G)), let pu = pu{z)\dz\ be the hyperbolic metric on U. Since G is generated by a 
compact subset of Rat, |21) implies that J(G) is uniformly perfect (for the definition of uniform 
perfectness, see [H] and Therefore, by [3], there exists a constant Gi > 1 such that for each 
U G Con(F(G)) and for each z G C/, Gf^ d,(z,du) - Pui^) ^ ^'^ d4z,du) ' where de{z,dU) := 
inf{|z - w\ \ w £ dU nC}. Let zq G J(G) be a point. Let .g G G and let z £ K. Let U,V £ 
Con(i^(G)) be such that z eU and g{z) G V. Then 



lin„ II /lin. II y/l + kP Pu{z) ^ y/l + kP , 4(.9(^),g^) 
yjl + |5(z)|2 Pv{g{z)) yjl + \g{z)\^ de{z,dU) 

^ yr+w ^2 koi + ig(^)i 

Therefore the statement of our lemma holds. □ 

Lemma 5.13. Under the notations and assumptions of Lemma \5.11[ let j G {1, . . . , r^}. For each 
a G (0,1), let da '■— supjgj^ J-ng.t" ^^PzeAi{\\^{lrn,i)z\\h}dT{'j){< 1), where m is the number in 
Lemma \5.11\ Then, we have the following. 

(1) For each n G N, sup^g^^ sup,g^^{||i:»(7„„,,i)^||^} < 9"^. 

(2) Let i G Ij and let K be a non-empty compact subset of A.^. Then there exists a constant 
Gk > 1 such that for each a G (0, 1), for each Lp G G"(C), for each z,w £ K, and for each 
n G N, |M;""(y))(z) - M;""(</p)(it;)| < \\ip\\a02CKd{z,w)'' . 
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Proof. Let i € Ij and let a € (0, 1). Then we have 

sup \\D{"fnra,l)z\\hdfh) 

(n— l)m+l )7(„-l)™ l{z)\\h ■ ll^(7(n-l)m,l)^llh}'^^(7) 

keij -'{7er?|7(„-i)™.i('4,)cAfc} ^ga. 



'{7Gr«|7(„_i)„,i(A,)CAfc} zeA 
sup ||£'(7(n-l)m.l)z|Uc^'?(7)- 

Therefore, statement (1) of our lemma holds. 

We now prove statement (2) of our lemma. Let K he a. compact subset of Ai such that for each 
a,b € K, the geodesic arc between a and b with respect to the hyperbolic metric on Ai is included 
in K. Let Cp. be the number obtained in Lemma [5.121 with A — Fr- Let Ck ■— C*^. Let a G (0, 1), 
ip E C"(C) and let z,w e K. Let n G N. Then we obtain 

|M;"(^)(z) - Mr{^){w)\ < I \v{ln^Az)) - ^(7„™,i(w^))M^(7) 



< / W'-pWadijnmAz) M)"df(7) 



< yWc. / snp{\\D{-f„m.i)an}d{z,wrdf{j) < Mc.e'^.CKdiz^wY 

Jr'* aeAi 

Therefore, statement (2) of our lemma holds. □ 



We now prove Theorem 13.291 
Proof of Theorem [37291 Let L € Min(Gr,C). Let := dimc(LS(i^/>(C))). By using the 
notation in the proof of Theorem 157^ let {LjY^^^ = Min(G;^ , L). For each j e {1, . . . , tl}, let 
■= UAGCon(_F(G )) .4nL 7^0^- each Ae Con{WL,j), we take the hyperbolic metric on A. 
Let Hj :— dh{Lj, 1) be the 1-neighborhood of Lj in Wlj with respect to the hyperbolic metric 
(see Definition!^. Let = {A e Con{F{Gr)) \ Ar\Lj ^ 0}. Let iJ^,, := TJ^ n A,; and 

Lj^i := Lj n By Lemma 15.131 there exists a family {-Do.ct}ae(o.i) of positive constants, a family 
{-Di,Q}Q,g(o.i) of positive constants, and a family {^\,o}a^{Q^\) C (0, 1) such that for each a. G (0, 1), 
for each L E Min(G'r, C), for each i, for each j, for each 7 E Fi^, for each z,w E Hj i, and for each 
</pGC"(C), 

|M,"(^)(z)-M;((^)H| <i5o,aA^,Jl(p|Ud(z,w;)" <Di,„A?,J|^|U. (5) 

For each subset i? of C and for each bounded function -0 : B ^> C, we set := sup^^^ I'^l^)!- For 

each i — 1, . . . ,t,\et Xi E Lj^i be a point. Let ip E C"(C). By (jS]), we obtain sup^g^ . . \M^^^ {(p){z)~ 
M^''^{ip){x^)\ < Di^a^UMa- Therefore, for each I E N, 

t 

We now consider M^^ : CHj{Hj) CHj{Hj). We have dimc{CH,{H.j)) < 00. Moreover, by the 
argument in the proof of Theorem 13.231 M^^ : Ch^ {Hj ) — > Chj {Hj ) has exactly one unitary 
eigenvalue 1, and has exactly one unitary eigenvector Ihj- Therefore, there exists a constant 
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A2 6 (0, 1) and a constant D2 > 0, each of which depends only on r and does not depend on a 
and (fi, such that for each I G N, 

t t 

^ — ^ m— >-oo — ^ 

i=l i=l 

t 



Since A2 does not depend on a, we may assume that for each a £ (0, 1), Ai^q, > A2. From © and 
(O, it foUows that for each n e N and for each ^1,^2 G N with Zi, Z2 > n, 

||m('^+")'--(^)-m('^+")'-M^)||h, 

t 

i=l 

— ^ -'^ — ' 

i=l 1=1 
t t 



+ ||m;^'-MEa^"''M¥')(^.)1h,.J - Af('^+")'^-(^)||^^ 
<2i?i,„A?_„||(/9|U + i?2A^^i||(^|U + D2\'it\\ip\\^ < (2Z?i,„ + 2D2t)XlJip\\a,. 

Letting ^ cxo, we obtain that for each Z2 G N with Z2 > n, \\TTr{(p) ~ Mt^'^^''^'^ {(p)\\h- < {2Di^a + 
2D2t)A?,„||(^|U. In particular, for each n e N, |K,((^) - M2"-^(^)||h, < (2i?i,a + 2Z?2i)A?,„||'/^IU- 
Therefore, for each n G N, 

~ MrHv)\\H, < {2D,,c, + 2D,t)X;'J\xl(^r m-UMo., (8) 

where \\M^^\\a denotes the operator norm of M^^ : C"(C) C"(C). Let Ulj -^^j and 

let r := YIl^l- From the above arguments, it follows that there exists a family {D3^a}ae(o.i) 
of positive constants and a family {A3^Q}cg(o,i) C (0,1) such that for each a G (0,1), for each 
if G C"(C) and for each n G N, 

||7r.M-M™M||^<i?3,aA^,J|^|U. (9) 

By [221 Theorem 3.15-5], for each z G C, there exists a map G Gr and a compact disk neighbor- 
hood Uz of z such that gz{Uz) C J7. Since C is compact, there exists a finite family {zjYj^i C C 
such that U^=i iiit(C/zj. ) = C. Since Gr{U) C J7, we may assume that there exists a k such that for 

each j = 1, . . . ,s, there exists an element = (/3^ , ■ • ■ , f^l) G F^ with g^, = o • • • o . We may 
also assume that r\k. For each j = 1, . . . , s, let be a compact neighborhood of in F^ such that 
for each C = id, ■ ■ ■ ,Ck) & Vj , (k ■ ■ ■ Ci{Uz^) C U. Let a max{r'=(F^ \ V,) | j = 1, . . . , s} G [0, 1). 
Let Ci := max{max{||D(a---Ci)^l|s | (Ci,-.-,^) € F^,z G C}, 1}. Let ai G (0,1) be such 
that aC"i < 1 and LS(Z^/,^(C)) C C"i(C). Let C2 > be a constant such that for each z G C 
there exists a j G {l,...,s} with B(z,C2) C C4 . Let n G N. Let zq G C be any point. Let 
io e {!,... ,s} be such that B{zo,C2) G U^,^. Let'A(O) := {7 € | (71, . . . ,7fe) G V^„} and let 
5(0) {7 e rN I (71, . . . , 7fe) ^ V^„}. Inductively, for each j = 1, . . . , n - 1, let A{j) {7 G 
Bij -l)\3i s.t. BijkjAzo), C2) C (7fej+i, . . .,lkj+k) e and let B{j) := B(j - 1) \ A(j). 
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Then for each j = 1, . . . ,n-l, f{B{j)) < af{B{j-l)) <■■ < a^+^ andf(A(j)) < f{B{j-l)) < aK 
Moreover, we have rN = n^'Zo W B{n - 1). Therefore, we obtain that 

|M^(^)(zo) - M^)izo)\ - |M^(^)(zo) - Mf(7r.(^))(zo)| 



< 



B(n-l) 



(¥'(7fcn,i(zo)) - 7ri-((/?)(7fc„,i(zo)))cJ7'(7) 



(10) 



For each j = 0, . . . , n — 1, there exists a Borel subset A'(j') of r^'^^^''"' such that A{j) = A'{j) x 
Ft- X Ft- X • • • . Hence, by ([9]), we obtain that for each a G (0, 1) and for each ip G C"(C), 



ivilknAizo)) - 7r^(v3)(7fc„,i(zo)))df(7) 



(11) 



By ([TOl) and (HIl), it follows that 

n-l 

|M^(^)(zo) -^.(¥')(^o)| < E^3,aA^y-ia^||^lU + a«(||^||oo + l|7r.(^)l|oo) 

i=o 

"^r ||oo 

where 11 

'^rlloo denotes the operator norm of tt-j- : (C((C), || • ||oo) — ^ {^{^\ II * lloo)- For each G. (0, 1), 
let (a '■= ^(1 + inax{A3_Q, a}) < 1. From these arguments, it follows that there exists a family 
{C^3,a}ae{o,i) of positive constants such that for each a G (0, 1), for each (p G C"(C) and for each 

n eN, 

||Aff(^)-^,M|U <C3,.CIIV'II«- (12) 

For the rest of the proof, let a G (0,q:i). Let rja :— max{Ai. aCf} G (0,1). Let z,zo G C. If 
d{z,zo)>C^^C2,then 



\M^^iip){z) - M^"{ip){z„) ~ i7:r{ip){z) - 7rr{ip){zo))\ 
d(z,zo)" 



< 2C73,aCII^IU(CiC72 



-1\Q 



(13) 



We now suppose that there exists an m G N such that ™ ^6*2 < d{z, zq) < '"C2. Then for 
each 7 G r!^ and for each j ~ 1, . . . ,m, 

d(7fej-i(z),7fcj-i(zo)) < C2. (14) 

Let n G N. Let m := min{n, m}. Let A{0), B{0), . . . , A{rh ~ l),_B(m — 1) be as before. Let 
G C"(C) and let 71 G N. Then we have 

|Af^(^)(z) - M^-{p){zo) {nr{p){z) - nr{p){zo))\ 

rh — l p 

/ ['Phkn,l{z)) - (p(7fc„,l(zo)) - {TTr{ip)i-fkn,liz)) - TT^ ((/?) (7fc„,l (^o) ) )] (7) 



< 



'B(m-l) 



[Vilkn,liz)) - Ifii^kn^lizo)) " (tTt (V^) (7fcn,l (^)) " (</?) (7fen,l (^o) ) )] (7) 



(15) 
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Let A'{j) be as before. By ([S]) and ([T4|. we obtain that for each j = 0, . . . , m — 1, 



[</5(7feri,l(^)) - Vilkn.lizo)) - iTTri^)ijkn,liz)) - TT^ ((^) (7fc„,i (zo)))]df (7) 



[M^'--^-'H<p){lkU+^).Az)) - M,^("-^--i)((p)(7fco+i),i(zo))]rfr(7feO+i)) • • •dr(7i) 



A'U) 

< I Do^ad{jk(j+i)A{z),lkU+i),iizo)T>^77J'^M\adT{jk{j+i)) ■ ■ ■ dT{ji) 

J A'U) 

<Do.,o.cf'+'''d{z,z,rx",;j-\^\cp\U 



(16) 



Let B'{rh - 1) be a Borel subset of Pj?™ such that B{m - 1) = B'{m - 1) x x x • • • . We now 
consider the following two cases. Case (I): rh — m. Case (II): rh — n. 
Suppose we have Case (I). Then by (IT^ . we obtain that 

[Vilkn,liz)) - ^p{lkn.l{zo)) - {TTr{ip)ijkn.liz)) ~ '!Triv)i'7kn.l{za)))]df{'^) 

B(m-l) 

< / |M,^("-")(7fe™.i(z)) - TTr{^)hkm,liz))\dT{jkm) ' " •rfr(7i) 

JB(m-l) 

+ / |M^*("-™)(7fe„,i(zo)) - TTr{v){jkn,,l{zo))\dT{jkm) ' ' •dT(7i) 

JS(m-l) 

<2C3,aC~'"llvlUa" < 2C3,oC^™llv'llaa" • {Cr+'C^'d{z,z„)r 

=2C3,aCr™(aCf)™(CiC2-i)"||¥.|Ud(z,zo)" < 2C3,a(CiC2-i)"C"'"Cllv'IUd(^,^o)". (17) 
We now suppose we have Case (II). Since LS(W/^r(C)) C C"(C), we obtain 

/ ['P{lkn,liz)) ~ (fii^knA^o)) - {■^Ti'P)ilkn,liz)) - 7^r{'^)ilkn,lizo)))]df{'^) 

JB{rh-l) 

< / IvilknAiz)) - (p{jkn.l{zo))\dT{'y) + / kr ((/S) (7fcn.l (^) ) " TTr (l/^) (7fcn.l (^o) ) M'?(7) 

JB(n-l) JB{n-l) 

<Crd{z,zora^M^ + Crd{z,zora''\\7r^M\c. 

<Cra''{l + Eo.)M^d{z,z„r, (18) 

where Ea denotes the number in Theorem 13.281 Let ICmaxjCc, ?7q,} + 1) G (0, 1). Combining 

P^ . ([TE)l . PT)) and (HH]), it follows that there exists a constant €4^0 > such that for each 
^eC"(C), 

|M^(^)(z) - M^(^)(zo) - (7r,((^)(z) -7r,((^)(zo))| < C4,„CI!9'l!ad(z, ^o)"- (19) 
Let Cs^Q = Cs^Q + C4,a- By and p^ . we obtain that for each 1^9 G C"(C) and for each n G N, 

||M^(^) - 7r.(^)|U < C5,aCll¥'l|a. (20) 
From this, statement (1) of our theorem holds. 
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Let ip £ C"(C). Setting = — TTrii^), by (l20l) . we obtain statement (2) of our theorem. 
Statement (4) of our theorem follows from Theorem 13.281 Statement (3) follows from statements 
(2) and (4). 

Thus, we have proved Theorem 13.291 □ 

We now prove Theorem 13.301 
Proof of Theorem [37301 Let A -.^ {z e C \ \z\ < X} U W„,r(C). Let ( e C \ A. Then by 
Theorem I3.29[ X^^o '^rri^ ~ ""t) converges in the space of bounded linear operators on C"(C) 
endowed with the operator norm. Let fl {(I — Mt-)\^^ - o tt,- + X^^n 'Mfri-^ ^ ""t)- Let 
Ur LS(iY/,^(C)). Then we have 

(CI - Mr) O n = ((a - AU)\u. O TT, + {CI - AU)\b„.^ O (/ - TTr)) 

o vr. + (a - M.) o o (/ - 

n=0 ^ n=0 ^ 

Similarly, we have ft o ((■/ — Mr) = I- Therefore, statements (1) and (2) of our theorem hold. 

Thus, we have proved Theorem 13.301 □ 

We now prove Theorem 13.311 
Proof of Theorem [37311 Statement (1) follows from Theorem [?7^ and [TOl p368-369, p212]. we 
now prove statement (2). For each L e Min(G', C), let (p^ : C [0,1] be a C°° function on C 
such that ipl\l = 1 and such that for each L' G Min(G, C) with L' ^ L, lpl\l' = 0- Then, by 
Theorem 3.15-15], we have that for each z 6 C, T^^rai^) ~ lim„^oo -Afxa Combining this 
with [291 Theorem 3.14], we obtain TL,r^ = lim„^oo M^J(p) in C(C). By [291 Theorem 3.15-6,8,9], 
for each a S Wm, there exists a number r £ N such that for each ip G LS(Z^/_i-(C)), M^ (i/j) = i/j. 
Therefore, by [21 Theorem 3.15-1], n^r^ = lim„^oc M;';((/pl) = liiRn^ao M^i^fL - ^rJ^L) + 
TTrSVL)) = t^tS'Pl)- Combining this with statement (1) of our theorem and [H Theorem 3.15-1], 
it is easy to see that statement (2) of our theorem holds. 

We now prove statement (3). By taking the partial derivative of Mr^{TL^ra{z)) — TL,ra{z) 
with respect to a^, it is easy to see that tpi^b satisfies the functional equation (/ — Mrf,){'4'i^b) = 
C,i,b,^i,b\s.r^ — 0- Let ip G C'(C) be a solution of (/ — Mr^){tp) = C,i,b,'4'\s^^ — 0. Then for each 
n G N, 

{I-Ml){^) = Y^Mi^{Q,b). (21) 

By the definition of C^Asr^ = 0. Therefore, by [Ml Theorem 3.15-2], 7r^„(0,fc) = 0. Thus, 
denoting by C and A the constants in Theorem 13. 291 we obtain ||M"^((^i^b)||a < CA"||Ci,6||a- More- 
over, since = ^^ i29« Theorem 3.15-2] implies TTr^ii^) = 0. Therefore, M"^{ip) — in C(C) as 
n ^ oo. Letting n — ?• oo in ([^ . we obtain that tp — J2jLo ^Ht{Ci,b)- Therefore, we have proved 
statement (3). 

Thus, we have proved Theorem 13.311 □ 

We now prove Theorem 13.391 
Proof of Theorem [37391 Statements [TT3l4l follow from (29l Theorem 3.82]. We now prove 
statement 121 By [29, Theorem 3.82, Theorem 3.15-15], there exists a Borel subset A of J{G) with 
X{A) — 1 such that for each L G Min(G,C) and for each z G A, ll6\{TL^rp, z) = u{h,p,ii). Let 
zq G A he a point, let L G Min(G, C), and let i G {l,...,m — 1}. We consider the following 
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three cases. Case 1: H61('0i,p,L, 2:0) < u{h,p,fi). Case 2: Hol(?/'i,p,L, 2^0) = u{h,p,fi). Case 3: 
H61(V'i,p,L,zo) > ■u{h,p,fi). 

Suppose we have Case 1. Let zi G h^^dzQ}). By the functional equation {I — M^^){ipi^p ]^){z) — 
Tl,Tp ° hi — Tl,Tp o hjn (see Theorem 13.311 (3)), :29] Theorem 3.15-1,15], and the assumption 
h^^{J{G)) n hY^{J{G)) = for each {k,l) with k ^ I, there exists a neighborhood /7 of zi in C 
such that for each z e [/, 

'4^i,px{z) - llJi,p,L{zi) - pMi,p,L{hi{z)) - 1pi,p,L{zo)) ^TL,rp{hi{z)) ~TL,rp{zo)- (22) 

By equation (|22|) and the definition of the pointwise Holder exponent, it is easy to see that 
}i6l{ipi^p^L, zi) = H61('0i,p,L, 2o) < u(h,p,p). We now let zi G /i~^({zo})- Then by the similar 
method to the above, we obtain that H61(V'i,p,L, 2:1) = H61('0i,p,L, -Zq) < u{h,P,p)- 

We now suppose we have Case 2. By the same method as that in Case 1, we obtain that 
iiol{'ipi,p,L,zo) =u{h,p,^i) <ll6l{ipi^px,zi) for each zi e h~^{{zo}) U h;;^^{{zo}). 

We now suppose we have Case 3. By the same method as that in Case 1 again, we obtain that 
H61(V'i,p,L, zi) = u{h,p,fi) < }16l{i pi^px, zo) for each zi e V^({^o}) U /i;;^({zo})- 

Thus we have proved Theorem 13.391 □ 

6 Examples 

In this section, we give some examples. 

Example 6.1 (Proposition 6.1 in [29]). Let /i G "P. Suppose that int(ii'(/i)) is not empty. Let 
b G int(iir(/i)) be a point. Let d be a positive integer such that d>2. Suppose that (deg(/i),d) 
(2,2). Then, there exists a number c > such that for each A G {A G C : < |A| < c}, setting 
fx = (/a,i, /a,2) = (/i, A(z - by + b) and Ga := (/i, /a,2), we have all of the following. 

(a) fx satisfies the open set condition with an open subset Ux of C (i.e., fx,l{Ux)UfxMUx) C Ux 
and f~liUx) n f-liUx) = 0), fx'AAGx)) n fx.liJiGx)) = 0, int(J(GA)) = 0, J^eriGx) = 0, 
GA(i^(/i)) C K{f,) C int(if (A,2)) and ^ if (/i) C K{Gx). 

(b) If K{fi) is connected, then P*{Gx) is bounded in C. 

(c) If /i is hyperbolic and K{fi) is connected, then Ga is hyperbolic, J{Gx) is porous (for the 
definition of porosity, see [12), and dimjy( J(Ga)) < 2. 

By Example 16.11 Remark 13.331 and |291 Proposition 6.4], we can obtain many examples of 
T G OTix(P) with tJF^ < 00 to which we can apply Theorems [5^ [53(11 15311 

Example 6.2 (Devil's coliseum ([29]) and complex analogue of the Takagi function). Let gi{z) :— 
z^ — 1,(72(2:) '■— z^/4:,hi := gf, and h2 §2- Let G = (/ii,/i2) and for each a = (01,02) G 
W2 := {(01,02) e (0,1)2 I ^2^^a^. = 1} ^ ( 0,1), let := ELia^^/^,- Then by [29l Example 
6.2], setting A K{h2) \ £'(0,0.4), we have £1(0,0.4) C mt{K{hi)), h2{K{hi)) C int(if(/ii)), 
/ir^(^) U /i2"\A) C A, and /ir^^) n /i^^(A) = 0. Therefore /ir^(J(G)) n h2^{J[G)) = and 
7^ K{hi) C K{G). Moreover, G is hyperbolic and mean stable, and for each o G W2, we 
obtain that Too.ra is continuous on C and the set of varying points of T'oo,t<, is equal to J(G). 
Moreover, by [29] dimfl'(J(G)) < 2 and for each non-empty open subset U of J(G) there exists 
an uncountable dense subset Au of U such that for each z G Too.ra is not differentiable 
at z. See Figures [2] and [U The function Too,Ta is called a devil's coliseum. It is a complex 
analogue of the devil's staircase. (Remark: as the author of this paper pointed out in [29], the 
devil's staircase can be regarded as the function of probability of tending to -l-oo regarding the 
random dynamics on R such that at every step we choose hi{x) — Sx with probability 1/2 and 
we choose h2{x) = 3(x — 1) + 1 with probability 1/2. For the detail, see [29].) By Theorem 13.311 



Cooperation principle in random complex dynamics 



37 



for each z € C, ai ^ Too.Tai^) is real-analytic in (0,1), and for each b S W2, [^-%p-^]|a=6 = 
Er=o^r"(Ci,6), where Ci.blz) ■= T^,rdhi{z)) - T^,rAh2{z)). Moreover, by Theorem [SSH the 
function ipi^) '■= [^~^i)^^^^]\a=b defined on C is Holder continuous on C and is locally constant on 
F{G). As mentioned in Remark ll.l4[ the function ipi^) defined on C can be regarded as a complex 
analogue of the Takagi function. By Theorem 13.391 there exists an uncountable dense subset A of 
J(G) such that for each z € A, either ijj is not differentiable at 2; or -0 is not differentiable at each 
point w G h^^{{z})Uh2^{{z}). For the graph of [^%^Jf^] |ai=i/2, see Figure H 

We now give an example of r e dJli^dV) with jjFi- < 00 such that Jkcr(Gr) = 0, J{Gt) 7^ 0, 
St- C F{Gt) and r is not mean stable. 

Example 6.3. Let hi G V he such that J {hi) is connected and hi has a Siegel disk 5. Let 
& e 5 be a point. Let d € N be such that (deg(/ii), d) ^ (2,2). Then by Proposition 6.1] (or 
[27l Proposition 2.40]) and its proof, there exists a number c > such that for each A S C with 
< |A| < c, setting /i2(z) := \{z-hY + b and G := (/ii,/i2), we have Jkcr(G) = and h2{K{hi)) C 
S C \iii{K{hi)) C int(A'(/i2)). Then the set of minimal sets for (G, C) is {{00}, Lq}, where Lq is a 
compact subset of S (c F{G)). Let (pi,_P2) G W2 be any element and let t :— J2j=iPj^hj- Then 
Jker(GT-) = 0, J{Gr) ^ 9, S-r C F{Gr) and T is not mean stable. In fact, Lq is sub-rotative. Even 
though T is not mean stable, we can apply Theorems 13.281 [3.291 13.301 13.311 [3T391 to this r. 

Example 6.4. By [29, Example 6.7], we have an example r G 2ti,c('P) such that Jkcr(GT) = 
and such that there exists a J-touching minimal set for (Gr,C). This r is not mean stable but we 
can apply Theorem 13.281 to this r. 
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